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This column is aimed at preparing students for all competitive exams like JEE, BITSAT etc. Every concept has
been designed by highly qualified faculty ro cater to the needs of the students by discussing the most complicated
and confusing concepts in Mathematics.

By. SAWAN AGARWAL(M.TECH)
(PHOENIX(An Institute for Mathematics), Kolkata)
Email-id: sawanagarwal3008@yahoo.com

Parabola defination |

A parabola is the Locus of a point which moves in | ~. The length of PQ = SP+SQ
a plane such that its distance from a fixed point | u
(called focus) is always equal to its distance from | =PM +QON =a’ +a+ t—2+ a

a fixed straight line. (called directrix) |

=a[t2+i2+2}
t

1 2
=a[t+—}

t

2. Latus rectum is the smallest focal chord of any
parabola
Proof: Using property -1

Properties of parabola
1. If the point (at2,2at) be the extremity of a focal

chord of parabola y* = 4ax, then the length of

1 2
focal chord is a(t+ J

Proof: Since one extremity of focal chord is

. 1y
p (at2,2at) then the other extremity is We know that length of focal chord is a a(t +;J

a —2a
o)

1
Now, t+; 22 for all t#0(" AM > GM )

2
. P cafivy)] za2)
>4a
A S(a.0) Length of focal chord > Latus rectum.
3. Point of intersection of tangents at any two points
N , and 1, on the parabola will be (at,,a(t, +1,)).
v Q.

Proof: Let the parabola be y* = 4ax

> 9

| S |

) {ﬁ_:iﬂ)



Let the two points on the parabola are
P= (at12,2at1 ) and O = (atzz,Zatz)
Equation of tangents at P is t,y = x+at,” ,
andat Qis t,y = x+at,’
solving these equations we get
x=att,,y :a(t1 +t2)
Thus coordinates of point of intersection of
tangents will be (at,t,,a(t, +1,))

4. Locus of point of intersection of the mutually
perpendicular tangents to a prabola is the directrix I
of the parabola I

Proof: Let the points P(atlz,Zatl) and Q(at22,2at2) |

on the parabola y* = 4ax, tangents at P and Q are |

M |

) :

and the point of intersection of these tangents is

t1y=x+at12

t2y=x+at22

(atty,a(t,+1,)), Let this point is (h,k)
ie., h=att,, k=a(t +1,)

1 1
Slope of tangents (1) and (2) are T and 7
1 2

since the tangents are perpendiculars then
tt,=-1.

Thus we get h=—a,h+a=0
. Locus of the point of intersection of tangents

is x +a = 0 which is directrix of y* = 4ax

-2
some point 'z," then { 2= t_}
1

proof: Let the parabola be y* =4ax, equation of
normal at P(at12,2at1) is
y =—t,x+2at, +at’
Since it meets the parabola again at O = (at22 ,2at, )

I
I
I
I
I
I
I
I
I
I
I
I
I
5. Ifnormals at '7,' meets the parabola y* = 4ax at |
I
I
I
I
I
I
I
I
I
I
then equation of normal i.e, y = —t,x+2at, +at;’ |
I

6.
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passes through Q(atzz,Zat2) is
2at, =—at,t," +2at, +at,’

2a(t,~t,)+at, (1) =47)=0

=
= a(t,—1,)(2+4,(t,+1,))=0
ie., 2+4,(t,+4)=0

l

If normals for the parabola y* = 4ax at 't,' and

't,' meets the parabola at some point then 7z, =2

proof: Suppose normals meet at #, then

: b=t — 2oy 2
ie., T 2
I 1
t—t,)=2|———
N O fry
ie., 1, =2

The algebraic sum of the slope of three concurrent
normals is zero.

proof: Let P(h,k) be any given pointand y* = 4ax

8.

be a parabola
The equation of any normal to y* = 4ax is
¥y =mx—2am—am’
It it passes through (h,k), then
k = mh—2am—am’
coam’ +m(2a—h)+k =0
This is a cubic equation in m, so that three roots
say m,,m, and m,.

Somp+my +my =0, mm,m; =—

(2a—h)

a

and also m,m, +m,m; +mm, =

sum of slope=0
The algebraic sum of ordinates of the feets of three
normals drawn to a parabola from a given point is

Z€ro
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proof: Let the ordinates of 4,B,C be y,,»,,);
respectively then.

¥, =—2am,
y, =—2am,
Yy =—2am,

algebraic sum of these ordinates is
Yy, +y, =—2a(m1 +m, +m3) =0
9. If three normals drawn to any parabola y* = 4ax
from a given point (A,k) be real then 4 > 24.
proof: When normals are real, then the three roots of

equation am’ +m(2a—h)+k =0 are real and in
this case.

m’+m,” +m >0

= (my +my +my) =2 (mm, +mym, +mm,) >0

2(2a—-h
- 02_w>0
a
= h—-2a>0
= h>2a

10.1If three normals drawn to any parabola y* = 4ax
from a given point (/,k) be real and distinct then
27ak* <4(h-2a)

Proof: Let f(m)=am’+mQa—h)+k
now, f'(m)=3am’+(2a—h)

Two distinct roots of f'(m)=0 are

1} and p=

Now, S(e)f(B)<0
f(a)f(=a) <0
on solving we get, 27ak” < 4(h— 2a)3

SOLVED EXAMPLES

1. Show that the normal to the parabola y* = 8x at |
the point (2, 4) meets it again at (18, -12). Find |
also the length of the normal chord.

a =2, since normal at (x, y) to the parabola

:_Jﬁ(

2 x—xl)’ here x, =2

Y =4ax is, Y=V
and y, =4 equation of normal is
-4
y—4:T(x—2):>x+y—6:0 )

Solving (1) and y* =8x

We get > =8(6—y), ..y=-12 and y=4,
then x=18 and x=2
Hence proved, length of normal chord

PO =\(18-2) +(12-4)’ =16v2

2. Find the point on the axis of the parabola

3y’ +4y—6x+8=0 from where 3 distinct
normals can be drawn

Sol: Given parabola is 3y* +4y—6x+8=0

3(3}2 +§y):6x—8

2Y 10
+2| =2 x——
(y 3) (x 9J
1 1
P=d4|—|x;a=—
g @ 2

-2
any point on the axis of parabola is (x’?j

and x >2a 3x—%>1 3%

. Aline PO meets the parabola y* =4ax in R

such that PQ is bisected at R. If the co-ordinates

of p are (xl, yl) , show that the locus of Q is the

parabola (y+y, )2 =8a(x+x,)

Sol: Let the co-ordinates of Q is (h,k) since R is

the mid point of PO, (R lies on the parabola)



Sol: Let the parabola be y* = 4ax

+h +h +k
att =270 p AT oy N TE
2 2a
Y +k
4a

from, using above equations, we have

v +k : (X +h
4a 2a

= (yl+k)2=8a(xl+h)

I

I

I

I

I

I

|

I

I

I

I

Hence locus of Q(h,k) is :
(y+y1)2:8a(x+x1) |

. Prove that the locus of the point of intersection of |
the normals at the ends of a system of parallel |
chords of a parabola is a line which is normal to |
the given parabola

Equation of normal at a point ‘¢’ is

y=—tx+2at+at’
Let P(at12,2at1) and O = (at22,2at2)

2at, —2at;, 2
—at® ot +t,

m=
slope of PQ be at,

—at,
Now normals at Pand Q intersectat R(x,,,) then

X, =2a+ (87 +1t,+57).p =att, (4 +1,).

:>(x1 —2a) = a{iz—tltz};yl =-—att, [gj
m m
eaa))
= y=|—|x—-2al—|-a|—
m m m

The locus of R(x,,y,) is

FG ()
y=—|—|x+2a| — |+a| —

m m m

which is normal at the point whose parameter is

=2

m

5. A parabola of latus rectum 4a, touches a fixed |

parabola, the axes of the two curves being parallel; |
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prove that the focus of the vertex of the moving
curve is a parabola of [ = 84.

Sol: Let the given parabola is y* = 4ax

If the vertex of moving parabola is (a, p ) then

equation of moving parabola is

(y=p) =—4a(x—a) (1)
y2
Substituting the value of x, i,e X = s ineqn (1)
> ¥
(v-5) =—4a[——a}
4a
=2y’ -2By+ B —4aa=0 (2)

since the two parabola y* = 4ax and

(y—p) =—4a(x—a) touches each other hence

roots of eqn (2) are equal.

ie, D=0

= B ~44C=0

i, (-28) =4-2(p* - 4ac)
4" =32aa
B =8aa

or, y* =8ax, which is a parabola which has latus

rectum = 8q.

6. TP and TQ are any two tangents to a parabola and

the tangents at a third point R cuts them in p' and

] E + T_Q’ — 1
Q' prove that P 10

Sol: Let parabolabe y* = 4ax and co-ordinates of P

and Q on this parabola are P(at12,2at1) and

0 (at22 ,2at, )

T is the point of intersection of tangents at 7, and
L.

-, co-ordinates of T = (att,,a(t, +1,))

Similarly P'=(atst,,a(t; +1,))
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Q'= ( att,,a (fz +t, )) 9. The mirror image of the parabola y* = 4x in the
Let TP TP =41 tangent to the parabola at the point (1, 2) is

) . . . 2
L t—1, TP' 41, Sol: Any point on the given parabola is (t ,Zt) .

t,—t,” TPt —t,

TQ' t—t,
Similarly, E = P
1 2

The equation of tangents at (1,2)is x—y+1=0
The image (h,k) of the point (t2,2t) in
x—y+1=0 is given by,

™ T,
P TO

7. Find the shortest distance between the parabola

h—t k-2 27 -2+1)
1 -1 1+1

Sh=2t—-Lk=£+1
or, (h+1)2 =4k-1)= (x—i—l)2 =4(y-1)

y* =4x and y’ =2x-6.
Sol: Shortest distance between two curves occurs

along the common normal. 10. PQ isany focal chord of the parabola y* =32x,

Normal to y* =4x at (m2,2m) is The length of PO can never be less than.
y+mx—2m-m’ =0. 1Y 5
Sol: Length of focal chordis @ f+; , if (at ,2at)

m2
Normal to y* =2(x-3) at [7+ 3m s is one extremity of the parabola y* = 4ax.
2

1
—> M >
y+mx—4m——n; =0 both are same if t+¢_2(A _GM)

1 1y
—2m—m3:—4m—5m3 =a t+; 24a or, PO>32
= m=0,£2
So, the points will be (4, 4) and (5, 2) or (4, -4) ‘1\'. iy lf’

and (5, -2) Hence, shortest distance will be

Jiv4a=4f. | :‘z

8. The equation of the mirror that can reflect all |
incident rays from origin parallel to y-axis will be? | 1. The length of the latus-rectum of the parabola

Sol: The equation of such mirror is an equation of | X —4x—-8y+12=0 is [2001]
parabola whose axis is y-axis and whose focus is | (2) 4 (b) 6 © 8 () 10
. L,
(0, 0) required equation is x” = 4a(y +a) : 2. The equation of tangents to the parabola y* = 4ax
Y | at the ends of its latus rectum is [2001]
* | (a) x—y+a=0 () x+y+a=0
: g " | (c) x+y-a=0 (d) Both (a) and (b)
| 3. If @#0 and the line 2bx+3cy+4d =0 passes
| y
| through the points of intersection of the parabolas
| | y* =4ax and x* =4ay , then [2004]
Y : @) d*+(2b+3¢)* =0 (b) d®+(3b+2¢)* =0



(c) d* +(2b-3¢c)* =0
4. The locus of the vertices of the family of parabolas

(d) d>+(3b—2¢)> =0

3.2 2

ax’ a’x )
y=t S 2a i 12006]
3 X
=
@ =3 16
L6 Lo 105
© =105 (@ =74

|
|
|
|
|
35 |
(b) Xy =" I
|
I
|
5. The equation of a tangents to the parabola y* = 8x :
is y =x+2.The point on this line from which the |

tangents to the parabola is perpendicular to the |
given tangents is [2007] |

(@¢-1L1) ®(©0,2) (©Z4 (@20 |
6. A parabola has the origin as its focus and the line |
x =2 as the directrix. Then the vertex of the |
parabola is at [2008] |
@ (1,0 ®O,1) (©(@20 (d(O2)

7. Iftwo tangents drawn from a point P to the parabola |

»? =4x are at right angles, then the locus of Pis |

[2010] |

(@) x=1 (b) 2x+1=0 I

(€) x=-1 (d) 2x-1=0 |

8. The shortest distance between line y —x =1 and I
curve x =y’ is [2011]

V3 W2 8 4
(a)T (b) P (©) 3 (d) 5

9. The equation (S) of commom tangents (S) to the

parabola y =x* and y=—(x-2)’ [2006]
(@) y=-4x-1) (b) y=0
(©) y=4(x-1 (d) y=-30x-50

2
X
10. Statement-1: The curve y=—7+x+1 is

symmetric with respect to the line x =1 because

Statement-2: A parabola is symmetric about its

axis. [2007]

(a) Statement-1 true, Statement-2 is true;statement-
2 is a correct explanation for statement-1.

(b) Statement-1 true, statement-2 is true;
statements-2 is not a correct explanation for
statement-1

11.

12.

13.

14.

Mathematics Times IMay i

(c) Statement-1 is true, statement-2 is false
(d) Statement-1 is false, statement-2 is true
Consider the two curves [2008]

G 1y’ =4x; C, :x*+y" —6x+1=0 then,

(a) C, &C, touch each other only at one point

(b) C, & C, touch each other exactly at two points

(c) C, &C, intersect (but do not touch) at exactly
two points

(d) C, and C, neither intersect nor touch each

other
Let 4 and B be two distinct points on the parabola

y* = 4x . Ifthe axis of the parabola touches a circle

ofradius » having AB as its diameter, then the slope
of the line joining 4 and B can be [2010]

1 1 2 2
@-, ®, ©, @-

Let (x, y) be any point on the parabola y* = 4x .
Let P be the point that divides the line segment

from (0,0) to (x,») in the ratio 1:3. Then the

locus of P is [2011]
(@ x* =y (b) y* =2x

(© y* =x (d) x* =2y

Consider the parabola y* =8x.Let A, be the area

of'the triangle formed by the end points of its latus

rectum and the point P ( ; ; 2} on the parabola,and

A, be the area of the triangle formed by drawing
tangents at P and at the end points of the latus

A

rectum. Then A_l is [2011]
2

(a)2 (b)3 (c)4 (d)5
ANSWER KEY
1.c 2.d 3.a 4.d
5.d 6.a 7.¢c 8.b
9.b,c 10.a 11.b 12. ¢
13.¢ 14. a
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HINTS & SOLUTIONS

1. Sol: x*—4x-8y+12=0 3 _35
) Vertex (h,k) =| >4
(x—2)" =8y—-8=8(y-1) 4a 16
2 _
X =4Q)y hk:ﬁj xyzﬁ
Lenthof [LR=4q=8§ 64 64
option ¢ is correct Option d is correct

2.Sol: 5.Sol:

y* =4ax, ends of LR =(a,2a) and (a,—2a)
Equation of tangent

(y-2a) =§—Z(x—a) and (1+24) :(-_2—2“0 j(x—a)

y'=8x

l/

y=x+2

=y-2a=x-a and y+2a=-1(x—a)

y=x—a=0and y+x+a=0
Option d is correct

3.Sol:
2bx+3cy+4d =0 The point will be the point on directrix

y* =4ax and x* =4ay = x=-2,y=0

point of intersection (4a, 4a) and (0, 0) ppint (,'2’ 0)
Option d is correct
50+0+4d =0 and 8ab+12ac+4d =0 6.Sol:
d =0 and 4a(2b+3c) =0 since (a#0) 7 (1,0)
52b+3¢=0
Option a is correct
4.Sol:
3.2 2 \
ax” ax
y= 3 +—=2a

o) \“
V

')

Option a is correct

7.Sol: Locus of P would be the directrix of y* = 4x

al 3N &9
"3 36
- ’ whichis x+1=0
Option c is correct



8.Sol:

The shortest distance between two curves is always
along the common normal

Slope of tangent parallel to y—x =1 is 1
2yp'=1

1 1
V=——=1o5y=0 x==
4 2 4

11
Point on curve ( j

a2

. Equation of parallel tangent,
-x=c L c, c= 1

4 2 4 4

L

Y 1

Distance between the two parallel lines

3432
2| 8

Option b is correct

9.Sol: y=x" and y=—(x-2)

x’ =y and (x—2)’ =-y
Equation of tangent to x* = 4ay is y = mx —am’
. Equation of tangent for x> =y is

2
m
y=mri-——r (M

2
. m
x> = —y, equation of tangent y = mx +T

10.Sol:
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2 2
y:m(x—2)+’"T :>y:mx+mT—2m @)

from (1) and (2), we get

2 2
m —m
——2m =

2
%:2m:>m=0 or4

. Equation of tangent y =4x—4 or y=0
Option (b) (c) is correct

= _x_2 +x+1
4 2

2y =—x"+2x+2
2y :—(x2 —2x)+2
2y=-[(x-1)~1]+2

2y =—(x—1)" +1+2

3
(2r-3)=—(x-1) or (+=1) =233
Axis of parabola = (x = 1)

It will be symmetric about (x =1)

Statement 1 is true
Statement 2 is true and explains Statement 1
Option a is correct

11.S0l: y*> =4x and x> +)* —6x+1=0

solving the two equations
x*+4x—6x+1=0
X' =2x+1=0
(x-1) =0=>x=1

When x=1, y=1%2 for y* =4x

When x=1, y> =42 for x’ + 3> —6x+1=0

Points of meeting are A(1, 2) and B (1, -2).
Slope of tangents at point 4 (for parabola) is

R
’ y
Slope of tangents at A for circle
2x+2yy'-6=0
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2yy'=4 x+0
13.Sol: h=
y' = 1 4
At poInt A the curves touches each other. y+0
At point B k= 4

Slope of tangent for parabola is —1
. i — | —p—3 —>

Slope of tangent for circle is —]

At point B the curves touches each other

Option b is correct

(0,0) P(h.k) (x,»)

12.Sol: = y? =4x
ie., (4k)" = 4(4h)
I, = K =h
yl=x y* =x is the locus of P
t © Option c is correct
- "0

V'=8x

2 2
Ae2.21), B(1).21,), C=[t1 ;tz ,t1+tzj

radius=r =t +¢,.

We know that the area of the triangle inscribed in
a parabola is twice the area of the triangle formed
by the tangents at the vertices of the triangle.

Slope of AB= 2672 1
-t So tangents at | =»2 | and end points of latus
2
= 2 =2. rectum from triangle (Al) is a half of area of
L+t, r

triangle formed by the points P and end points of

Option c is correct. A

latus rectum (4, ). So A_l =2
2

|
|
I
|
|
|
|
|
|
|
I
|
|
I
|
|
| 14.Sol:
|
|
I
|
|
|
|
|
|
|
|
|
|
|
|
|
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“A Colossal juncture to get introduced to the
national standard mock tests of
JEE ADVANCED"

Section | (maximum Marks :32)

w0

. If the curve satisfying x dx = {x__ 3y
y

This section has EIGHTquestions .

The answer to each question is a SINGLE

DIGIT INTEGER ranging from 0 to 9, both

inclusive .

For each question, type the correct integer

in the space provided below the question

using provided number keys.

Marking scheme:

o +4ifthe correct integer is typed in the
provided space

o 0in all other cases

. If the area bounded by the curve

y* =x-y,y=-1 and tangents to curve at the
L 1.
originis A then A is

2

de passes

through (0,—2), then value of

{y(4)}2-{4—{y(4)}2} is M2, then |M| is

. If f(x) is differentiable function and

sin(x)

J x f(x)dx =sin(x) | then {f(%j} equals

o

Let m and m” are slopes of lines represented by

the line pair gx’ —2pxy+y° —2x+3y+1=0

2
fdtq :61761 is
p

then value o

5. If a+b+c=8 ab+ba+ca=12

(where a,b,c €R) then number of possible

integral values of a is

6. If a,p,y are the eccentric angles of three points

2 2

Y

on the ellipse x_2+b_2 =1 at which normals are
a

concurrent, then sin(a+/)+sin(+y)+sin(y+a)

is equal to

7. Figure shows five collinear points A4, P, M,Q and

8.

B such that 2PM = PQ and AQ = BP. If the

coordinates of points M is (a, b) then a+b is

A

A(0,6)

.
L

n 4 3 2
Let iy A £2K T HRAL_1n 4 s
3n” +n” +n+5k 3

n—om =

equal to ...
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Section 2 (Maximum Marks :32)

2

3.

. If largest and smallest value of 2

This section has EIGHT questions.

Each question has FOURoptions. ONE OR

MORE THAN ONE of these four option(s) is

(are) correct

For each question, select all the correct

option(s) provided below the questions

Marking scheme:

o +4 if the correct integer is typed in the
provided space

o 0 if none of the options are selected

o -2 inall other cases

. If g(x) is a continuous function such that

Ig(t)df > 9, ag ‘x‘ — o, Then the value of k for
0

which line y = kx intersect the curve
[edt=2-y’
0

(a)-1 b) 2 (©)3 (d)1

.3 8P and ¢

where (x, y) satisfy x* + 3> —2x—6y+9 =0 then
which of the following is true

4
(a) P+q:§ (b) g=1
4 o gt
(© P=3 (d) Pa=7
The most general solution of the differential
x+y i
3
equation x_fljz = %sin2 (x*+)7) is
y dy

1 , a2/ x)!
——cot(x*+)?) -0 =0
(a) 2co (x y ) c

4
1 , oo\ 20v/x)t .
——cot(x +y )] -————+e" =0
(b) 2co (x y ) 2 e
1 oy 2/ x)?
——cot(x” +y" |]-————+tanc=0
(c) 200 (x y ) , anc

4.

5.

3

2y
X

+c=0

1

() Ztan(x2 +y4)—
X,,X,,x, are three real numbers satisfying the
system of equations
x, +3x, +9x, =27, x, +5x, +25x, =125 and
x, +7x, +49x;, =343, then which of the
following options are correct
(a) Number of divisors of x, +x, is 16
X +x

2

(¢) x, —x, isa prime number

2 . .
is a prime number

(b)

(d) x, +x, +x, is square of an integer
In a bag there are 10 black & 10 white balls. A ball
is drawn at random & 5 extra balls of same color
as of drawn ball are added in the bag along with
the drawn ball. Now another ball is drawn and
replaced in the bag but 4 balls of color same as
drawn ball are removed from the bag. Again a
ball is drawn and found to be white find the
probability that the second drawn ball was black.
2 1
@7 @3

4 3
@ 75 () 7

6. The normal to a curve at P(xl, yl) meets the

7.

8.

x-axis at G. If the distance of G from the origin is
twice the abscissa of P, then the curve is a

(a) Circle (b) Hyperbola

(c) Ellipse (d) Parabola

Let ¢ >0,b>0,c>0 and a+b+c=6 then

(ab+1)* (bc+1)* (ca+1)
b’ " ¢’ " a’

may be

75
@ ()35

#1
If g(x)=x>-x+1and f(x)== ;—x,then

(a) Domain of f(g(x)) is [0, 1]

(c) 15 (d) 10

;
(b) Range of f(g(x) is [0’ 2\5}

(c) f(g(x)) is many-one function
(d) f(g(x)) is unbounded function



Section Il (Maximum Marks :16)

This section contains TWO paragraphs.

Based on each paragraph there will be TWO

questions

Each question has FOUR options . ONE OR

MORE THAN ONE of these four option(s) is

(are) correct

For each question, select all the correct

option(s) provided below the questions

Marking scheme:

o +4if only all the correct option(s) is (are)
selected

o 0 if none of the option(s) are selected

o -2inall other cases

Paragraph - 1

Consider a function

f(x):xz—ax2+(l—2a2)x+a, a isreal.

1. The range of values of ‘a’ for which f'(x) has exact

one real root
(a) (0,00) (b) (=0.1)

(c) (-L1) (d) (Loo)

. If a>1 and a,f,y are roots of f(x)=0 such
that a < f<y,

(a) <0,<0,y>1

(b) a<-LB>0,y>0

(¢c) 2<0,-1<fB<0,y>0

(d) <0,<0,7<0
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Paragraph - 11

A variable line L intersects the parabola y = x* at
points P and Q whose x-coordinate are ¢ and S

respectively with a < £ the area of the figure
enclosed by the segment PO and the parabola is

always equal to 3

The variable segment PQ has

its midpoint M.
Which of the following is/are correct?

(a) ( L- a) can have more than one real values
(b) (B—a) can be equal to 2

(c) ( L- a) can have exactly one real value

(d) a=2+p

Which of the following is/are correct ?

(a) Equation of the pair of tangents, drawn to the
curve, represented by locus of M from origin
are y=2x and y=-2x

(b) Equation of pair of tangents to the curve,
represented by locus of M from origin are
y=Xxand y=—x.

(c) Area of the region enclosed between the curve

represented by locus of M, and the pair of

tangents drawn to it from origin is -, sq.units.

3

(d) Area of the region enclosed between the curve,
represented by locus of M, and the pair of

tangents drawn to it , from origin is =

Sq. units.
3 q
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. The centre of circle inscribed in square formed
by the lines x> —8x+12=0 and

Y -14y+45=0

@@ ®O4H ©074H (D@7

. A point moves such that the sum of its distance
from two fixed points (ae,0) and (—ae,0) is

always 2a. Then equation of its locus is

x2 2 x2 y2
—+ =1 —— =1
(@) a’ a*(1-é) (b) a’> a*(1-é&%)
x2 yZ
©) mea_z =1 (d) None of these

If |x|<1 then the coefficient of " in the

expansion of (1+x+x” +....)" will be

(a) 1 (b) n

(c) ntl (d) None of these

. The number of reflexive relations of a set with four
elements is equal to

(@) 21¢ (b) 2" (c) 2° (d) 2*

. For a regular polygon, let » and R be the radii of
the inscribed and the circumscribed circles. A false
statement among the following is

(a) There is a regular polygon with

=
N | =

r
(b) There is a regular polygon with R

L
V2

“A Colossal juncture to get introduced to the
national standard mock tests of BITSAT"”

r 2
(c) There is a regular polygon with R 3
NG}

(d) There is a regular polygon with % = BN

. 1 .
. If s1nx+cosx=g,then tan2x is

25 7 25 24
(a) 17 (b) 25 (©) 7 (d) 7

. General solution of

sinx+cosx = min{l,a’ —4a+6} i
aelR

() %+(—1)"% (b) 2n7z+(—1)"%

(d) nz+(=1y" %—5

© n7r+(—1)"“% ;

. Two aeroplanes I and Il bomb a target in

succession. The probabilities of I and II scoring a
hit correctly are 0.3 and 0.2, respectively. The
second plane will bomb only if the first misses the
target. The probability that the target is hit by the
second plane is
(a) 0.06 (b) 0.14 (c) 0.2 (d) 0.7
The minors of -4 and 9 and the co-factors of -4

-1 -2 3

-5 -6

and 9 in determinant — are
-7 8 9

respectively.



(b) -42,-3;42,-3
(d) 42,3:42,3

(a) 42,3;-42,3
(c) 42,3;-42,-3

d
10.If x =a(t —sint) and y =a(l—cos?), then 4

dx
(a) tan (ij (b) —tan (LJ
2 2

(c) cot [ij ) —cot[ij
2 2

11. The number of ways four boys can be seated
around a round-table in four chairs of different
colours is

(a) 24 (b) 12 (c) 23 (d) 64
12.Find the equation of the auxiliary circle of
2 2
* Y
9 16
(@ x*+y* =7 (b) x*+y> =25
(©) x*+y*=9 @ x*+y* =16

13. The equation of the chord of the circle x* + y* = o’

having (x,,x,) as its mid-point is
(a) xy1+yx1:a2 ®) x+y=a

© xx+yy =x"+y" (A xx +yy =a’
14.The equation of pair of lines joining origin to the
point of intersection of x* + y*> =9 and x+y =3

is
(@) (x+y)" =9
(c) xy=0

15.1f (1+x)" = C, + C,x+ Cyx” +....+ C,x", then the
values of C, +2C, +3C, +...(n+1)C, will be

(b) (n+1)2"

(d) (n+2)2"

b) x> +(3-x)"=9
(d) G-x)"+y"=9

(@) (n+2)2""
(¢) (n+1)2""

16. The function f(x)=log(x++/x*+1), is
(a) An even function
(b) An odd function
(c) A periodic function
(d) Neither an even nor odd function
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17.1f A+ B+c¢=180°, then the value of

(cot B+cotC) (cot C +cot A)(cot A+ cot B) will
be
(@) sec Asec BsecC
(b) cosecAcosecB cosecC
(c¢) tan Atan BtanC
(d)1
18. The sides of triangle are 3x+4y,4x+3y and

5x+35y units,where x,y > 0. The triangle is
(a) Right angled (b) Equilateral
(c) Obtuse angled (d) None of these
19. 8 coins are tossed simultaneously. The probability
of getting atleast 6 heads is

29 37

57
@ ®5sg @ 356

20. A particle moves in a straight line so that it covered

;
(©) o4

a distance at® +bt +5 metre in ¢ seconds. If its

acceleration after 4 seconds is 48 metre/ (sec)’,

then a is equal to

(a) 1 (b) 2 (c) 3 (d) 4

An edge of a variable cube is increasing at the
rate of 10 cm/sec. How fast the volume of the cube
will increase when the edge is 5 cm long?

(@) 750cm’ / sec (b) 75¢m’ / sec
(©) 300cm’ / sec (d) 150¢m’ / sec
22.1f "P. =840,"C, =35, then n is equal to

(a) 1 (b)3 (©)5 (7
23. The equation of a hyperbola whose asymptotes are

3x%5y =0 and vertices are (£5,0) is

21.

(a) 3x* —5y7 =25 (b) 5x* -3y =225

(c) 25x* =9y =225  (d) 9x* —25y° =225
24.The equation of the circle passing through the

points of intersection of x* + y* —1=0,

x> +y* —2x—4y+1=0and touching the line
x+2y=0,is

(@ x> +y +x+2y=0

) x> +y*=x+20=0

(©) X*+y*—x-2y=0

(d) 2(x* +y")—x-2y=0
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sin x
——+COS X,

x#0
25.1f f() =4 x

then
2, x=0
() lim f(x)=2
(b) lim f(x)=0

(¢) f(x) is continuous at x =0
(d) None of these

4 1 0 0
26.Rank of matrix 3010 is
6 0 2 0
(a) 4 (b) 3 (c) 2 (d1

27. The equation of tangent at (-4, -4) on the
curvex’ =—4y is

(a) 2x+y+4=0 (b) 2x—y-12=0

(¢) 2x+y—-4=0 (d) 2x-y+4=0

28. The equation of the normal to the curve y* = ax’
at (a,a) is
(a) x+2y=3a (b) 3x—4y+a=0

(¢) 4x+3y="Ta (d) 4x-3y=0

29.The equation (m—n)x” +(n—ID)x+I-m=0 has

equal roots, then /, m and n satisfy

@2/=m+n ®) 2m=n+1
©) m=n+l d I=m+n
2> 2t 2°
I+ —+—4+—+.. .0
30 2! 3! 4! _
1 2 2
+o+
21 31 4!
(@ ¢ (®) > -1
(c) & (d) None of these
31. The values of ‘a’ for which (&’ —1)x* +2(a—1)x+2
is positive for any x are
(@ ax1 (b) a<1
©) a>-3 (d) a<-3ora>1

- I dx _
14 3sin’ x

1

3tan '(3tan’ x) +¢ (b) tan 'Qtanx)+c

(2)

(d) None of these

33. Everybody in a room shakes hand with everybody
else. The total number of hand shakes is 66. The
total number of persons in the room is
(a) 11 (b) 12 (c) 13 (d) 14

The value of k so that x> +y* +kx+4y+2=0

(c) tan”'(tanx)+c

34.

and 2(x* + y*)—4x -3y + k = 0 cuts orthogonally
is

oo 8 o 8
@3 O3 ©@5 @53
tanx, v %0
35. The function f(¥) =9 x is
1, x=0

(a) Continuous but not differentiable at x =0
(b) Discontinuous at x =0

(¢) Continuous and differentiable at x =0
(d) Not defined at x=0

36. ,171_132 kz is equals to
1
(a) 510g2 (b) log2
() z/4 d) z/2
37.The 5" term of the serlesE =3 @ 18
1 b) 1 2 d \/5
@3 O © 5 @y

38. cot'[(cosa)"*]—tan"'[(cos @)"*] = x,

then sinx =

tan’ [aj cot’ [aj
(@) 2 (b) 2
(©) tana (d CO{%)
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43.Solution of the differential equation

. sinmx
39. lim = -
0 tan nx cosxdy = y(sinx — y)dx,0 < x < 5 is
n m
(a) m (b) n (a) secx=(tanx+c)y (b) ysecx=tanx+c
(c) mn (d) None of these (¢) ytanx=secx+c (d) tanx=(secx+c)y
40.1f the mean of 3, 4, x, 7, 10 is 6, then the value of | 44.1f H is the harmonic mean between p and ¢, then
X is
@4 ®S  ©6 @7 the value of -+ s
. . P q
41.1f x, = cos(—) +isin(—),
. . @) 2 ®
a
then x,,x,...00 is pta
@3 ®2  ©-1 @0 p+q
(c) g (d) None of these

42.The sum of the first five terms of the series ) ]
45. Sum of n terms of the following series

13 )
344465+ will be P43 45 +77 4. 18

0 ; (@) n*(2n* -1) (b) n’(n-1)
@ 3974 (b) 1875 (© n'+8n+4 (@ 20" +3n°
7 9
(c) 39E (d) ISE

PROBLEM OF THE MONTH

EXCLUSIVE AREAS

1. A and B lie on the circumference of the circle with centre O, radius 2, and
ZA0B =90° . Another circle, with diameter AB is drawn. O lies on the circumference

of'this second circle. The unshaded region is the area common to both circles. The
shaded region is the area in one circle or the other circle but in both. Determine the
area of the shaded region in the diagram.

Solution to the above problem will be published in the next issue.
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(1) All relations

CONCEPT

EXPLORATION

SETAND ELEMENTS RELATIONS

A relation on a set A4 is just a set of |
pairs of elements of 4, (possible the same). Note |
that we consider ordered pairs - (x,y) is not the |
same as (),x). |
An important point is that you can define relations |
quite arbitrarily. For every possible pair (x,y), you |
can decide whether or not you include it in the
relation - a relation has nothing to do with
properties or “ logical relationships”. A relation is
just a set.
In the case of a finite set 4 (say of n elements),
there is a simple interpretation of a relation. We
simply drawan 7 table, representing all the possible
pairs (x,y), and we put a ‘*’ in a cell when the
corresponding pair belongs to the relation. For

example, with the set 4 = a,b,c we could have

the following relation:
alblc
b
C|» *

In this case, the relation contains the pairs (a,b),

(c,a),and (c,c).

In general, for every way you can put stars in the
above table (including none at all), you get a relation
onA4.
We will first examine a few simpler problems.

As a first exercise, let us count how many relations
are possible on this set.

I
|
|
|
|
|
|
|
|
|
I
a * |
I
|
i
|
|
|
|
|
|
I
|

We have 3x3 =9 squares to fill. For each square,
we can decide either to include it (put a “*’ in it),
or not. This makes two possibilities for each square.
When you combine the nine squares, you have a

total of 2° =512 possibilities - there are 512
possible relations on 4. In general, for a set of n
elements, there are n’ squares in the table, and

»(*) possible relations.

(I1) Reflexive relations

A relation is reflexive if it contains all the pairs (x,x)
for every x in 4. In the example above, this means
that we must have ‘*’ in all squares of the main
diagonal - the smallest possible reflexive relation
is:

alblc

d | =

C -

In a reflexive relation, the three squares of the
diagonal are fixed. You are still free to include or
not any of the 6 remaining squares - this gives a

total of 2° = 64 possibilities.

For a set of n elements, you would have:
2 =m) _ A(n(n=1)

possible reflexive relations.

(111) Irreflexive relations

A relation is irreflexive if it contains none of the
pairs (x,x). This means that you must have no ‘*’



(1V) Symmetric relations

(V) Antisymmetric relations

on the main diagonal, and you are still free to do
whatever you want with the other squares. The
number of irreflexive relations is therefore the same
as the number of reflexive relations.

Note that “ irreflexive” is not the same as “not
reflexive”. “Irreflexive” means you have no squares
on the diagonal; “not reflexive” means you don’t
have all the squares on the diagonal. The very
first example of this message is neither reflexive
(since it does not contain (a,a)) nor irreflexive (since
it contains (¢,c)).

A relation is symmetric if, whenever it contains
the pair (x,y), it also contains the pair (y,x).

This means that the table must be symmetric with
respect to the main diagonal. For example, the
following is a symmetric relation:

alblc
a -
b« -
C * | »

We note that the off-digonal elements come in
pairs: (a,b) and (b,a),(b,c) and (c,b) . The
diagonal elements are not taken into account.

To build a symmetric relation, we can freely choose
all the squares on and above the diagonal.

+1)

There are such squares, and two

possibilities for each of them, so the number of
symmetric relation is:

n(n+l)

2 2

A relation is antisymmetric if, whenever it contains |
both (x,y) and (y,x),x=y (xandy are the |

same element). This is equivalent to saying that, if |
x and y are distinct elements, you cannot have at |
the same time (x,y) and (,x) in the relation. |
The following is an example of an antisymmetric |
relation:

Cl~» *

Note that the relation contains (a,b) but not (b,a),
and (c,a) but not (a,c). Also, it contains neither of
(b,c) and (c,b). Elements on the diagonal can be
selected freely.
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How many antisymmetric relations are there?

We count separately the possibilities for
diagonal and off-diagonal elements.

For diagonal elements, there are two possibilities
for each of them, and there are n such elements.
This gives »» possibilities.

For each pair of off-diagonal elements x and y, we
have three possibilities:

() (vx)

out | out
in | out

out n

since we cannot have both (x,) and (y,x) in the
relation. The number of pairs of distinct elements
is “n choose 2”:

n) n(n-1)
2) 2

and, as there are three possibilities for each pair,

n(n—-1)

we have 373 possibilities for off-diagonal

elements.
The total number of antisymmetric relations is
thus:
n(n—1)

2".3 2
Note that “antisymmetric” is not the same as “not
symmetric”. For example, the following relation is
neither symmetric nor antisymmetric:
alblc

a * | %

C * *

It is not symmetric, because it contains (a,b) but
not (b,a), and it is not antisymmetric because it
contains both (a,¢) and (¢,a). Now, let us come to
your specific questions they are, in fact, a little
easier.

(VI) Reflexive and antisymmetric

If you compare that with the antisymmetric case,
the only difference is that you must have “*’ in all
diagonal squares-you are no longer free to select
them. You still have 3 possibilities for each of the
n(n—-1) . .
——— pairs of distinct elements (off-diagonal
squares), and the total number is therefore:
n(n-1)

3 2
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E.-
g MqCED

A

Section 1 (Maximum Marks :18)

This section has SIX questions

Each question has FOUR options (a),(b),(c),

and (d). ONLY One of these four options is

correct

For each question, select the alphabets

corresponding to all the correct options

provided below the questions

Marking Scheme:

o FULL MARKS: +3 if only the alphabet
corresponding to the correct option is
selected

o ZERO MARKS: 0 if none of the alphabet is
selected

o NEGATIVE MARKS:-1 In all others cases

A is a matrix of order 3x3 and g, is its elements
of /# row and ;" column. If a,+a, +a,=0

holds for all 1<, j, k<3 then

(a) A is a non-singular matrix
(b) 4 is a singular matrix

(©) 1<Z:<3aii is equal zero
<i,j<

(d) 4 is a symmetric matrix

f and g are two real valued continuous functions
and let Ig(x) dx= f'(x) and

f(x)=x*+x+sinzx+2 then the value of

4
jxg(x)dx is
2

4.1F S, =3+

-
“A Colossal juncture to get introduced to the
national standard mock tests of
JEE ADVANCED”
-11 2 b 11 2
@) 4 ®) 4
-2 o2
© 4 d) 4

. Two circle with radii # and r, respectively touch

each other externally. Let 7 be the radius of a

circle that touches these two circles as well as a
common tangents to two circles then which of the
following relation is true

STSRENE E .
OF T OR
@ =ri+dn @ s =i =]

1+3+3° +1+3+32+33
3! 4!

n-terms. Then the value of DEE S,,] is, (where [.]

represents G.I.F)

(a)6 (b) 7 ©) 8 (d)9

I

1 11

2 P—x P X —x ’ 0 ¥—x ’
L(ﬁ —3x+lj m! (ﬁ —3x+J ‘ml L& —3x+J =

21 10
hen 1+ 20 1
then 7939 1s equal to
10, 110 3 22
@939 ®ogg  ©739 @5
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2. Iftheexpression kx* +(2k —1)xy+ y* +2x —2ky
can be resolved as a product of two linear factors,
then
(a) There exists no real value of k
(b) Atleast one value of & is negative

6. If P=cos ec% +cos ec% +cos ec%r

137 147 157
+cosec g +cosec g +cosec g and

. .St . Ix (c) For atleast one real value of £ 3k* +1 is
0=8 sin_esin—osin-, then value of P+Q negative

is

(2) 0 (b) 1 (c)2 (d)3

(d) There exists no real value of k for which 343 +1

is negative
3. ABCD isaregular tetrahedron. P & Q are the mid-
points of the edges AC and 4B respectively, G is

Section 2 (Maximum Marks:32) the centroid of the face BCD and ¢ is the angle

This section contains EIGHT questions between the vectors pG and DQ, then
Each question has FOUR options (a),(b),(c),
and (d). ONE OR MORE THAN ONE of these
four option(s) is(are) correct

e For each question, select the alphabets
corresponding to all the correct option(s)
provided below the questions

e Marking scheme:

o FULL MARKS: +4 if only the alphabets
corresponding to all the correct option(s)
is(are) selected option, provided NO
incorrect option alphabet is selected

o ZERO MARKS: 0 if none of the alphabets
are selected

o NEGATIVE MARKS: -2 in all other cases

e For Example: If (a),(c) and (d) are all correct
options for a question, selecting alphabets
corresponding to all these three options
will result in +4 marks. Selecting only (a)
and (d) will result in +2 marks; selecting (a)
and (b) will result in -2 marks, as an
alphabet corresponding to wrong option is

also selected

(a) The angle between 4p and Cp is 90°

5
i T—cos' [ j
(b) The angle @ is 33

5
i T—cos' (—J
(c) The angle @ is o3

(d) The angle between 4g and Cp is 120°

V4
4. All x in the interval (075] such that

J3-1 \5”:4@ Ny

- +
Sim x COoS X

T 11z 137 V4
@5 B30 ©5, @F

5
n

r=1

w (43 2 2 4
5. Let Snzz[r +r’n+r'n”+2n )and

=2t v rPn+rtn? + 20t
T, = 5 , n=123,....
r=0 n
b2 3 then
1. Let 4=(2 2 1| and
3.0 k r 5167 o T <167
(a) n 60 ( ) n 60
f(x)=x* —2x" —ax+ f=0.If A satisfies f(x)=0, o 167 o 167
then (© %0 >y ) 5 <=
@) k=1,a=14 (b) a=14,5=22 6. If z,,z,,2,,2, are complex numbers in an Argand
(¢) k=-1,p=22 (d) a=-14,=-22

I
|
I
I
|
I
I
I
|
I
|
I
I
I
|
I
|
|
I
I
I
|
I
|
I
I
I
I
I
|
I
I
I
I
I
|
|
I
I
I
|
I
|
I
I
I

plane satisfyingz +z, =z, +z,. A complex
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number ‘z’ lies on the line joining z, and z, such | 8. 1f a,b,c areinA.Pand 4,B,C are in GP

that Arg( et ]: Arg(z3 = J Itis given that
21—22 Z_ZZ
lz—z4|=5,z—zz|=|z—z3|=6 then

(a) Area of the triangle formed by z,z,z, is

347 sq.units
(b) Area of the triangle formed by z,z,,z, is

157

. units

(c) Area of the quadrilateral formed by the

27147

2

points z,, z,, z, z, taken in order is sq.

units
(d) Area of the quadrilateral formed by the points

Z,,2,,25, 2, taken in order is sq. units.

. The vertices of a triangle ABC are A(2,0,2),

B(—l,l,l) and C(l,—2,4). The points D and E

divided the sides 4B and CA in the ratio 1:2
respectively. Another point F is taken in space
such that the perpendicular drawn from F to the
plane containing AABC, meets the plane at the
point of intersection of the line segments CD and
BE. If the distance of F from the plane of triangle

ABC'is /2 units, then

7
(a) The volume of the tetrahedron ABCF is 3

cubic units

7
(b) The volume of the tetrahedron ABCF is 5

cubic units
(c) One of the equation of the line AF'is

r=(27+2k)+A(2k~7)(2€R)
(d) One of the equation of the line AF is
r= (2?+21€)+y(f+7l€)

|
|
|
|
|
|
|
|
|
|
|
|
|
I
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

(common ratio # 1). Then which of the following
is/are correct.

4BC . .
(a) 2 p e arein H.P if common ratio of G.P

is —-
a

w 22.L
® 7 BC
is equal to common difference of A.P

A* B* C?
©

) c
GPis \/:
a

a b c ) ) )
(d) R arein H.P if common ratio of

are in H.P if common ratio of G.P

are in H.P if common ratio of

G.P is equal to square root of common
difference of A.P.

Section 3(Maximum Marks :12)
e This section contains TWO paragraphs .
e Based on each paragraph there will be TWO
questions
e Each question has FOUR options (a),(b),(c)
and (d). ONLY ONE of these four options is
correct
e For each question, select the alphabet
corresponding to all the correct option
provided below the questions.
e Marking scheme:
o FULL MARKS: + 3 if only the alphabets
corresponding to all correct option(s)
is(are) selected.

o ZERO MARKS: 0 In all other cases

Paragraph: 1
Let X, eR,i= {1, 2,3...11} are numbers such that

i=1

and X, +.X, +...+X =280.
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1. No, of ways of distribution of # identical objects among 3 persons such that each get atleast one object is
(a)4 (b) 10 (c) 20 (d) 140
2. Probability that a randomly selected triangle formed by vertices ofa 25 +1 sided regular polygon is isosceles

18

3 5 7 9
(@) 3 (b) 3 (©) 3 (d) 3

Paragraph: 2
Column-1: Real valued function ;
Column-2: Continuity of the function ;

Column-3: Differentiability of the function

Column -1

Column -2

Column -3

L f(x)= ||.r—6|—|.\‘—8||-|.\': -4l+3.\'—|.1'—7|l

(1) Continuous, VxeR

(P) Not differentiable at
3 points

IL f(x)= (.\': —9].\': +11x+ 24‘ +sin|x 7|

+cos|x—4|+(x=1) " sin(x-1)

(11) Discontinuous at a
single point only

(Q) Not differentiable at
4 points

s 3W
x+1) —-— s x<—1
(xe1)* -2

. f(x)= (.\'—%Jcos '(4.\" —3.\’) i—-1<x<1

(x-1)" sl<x<2
L

(111) Discontinuous at
2 points

(R) Not differentiable at
2 points

IV. f(x)=§inx}oosx}+ §ink f}}([x])xe[-1.2x]

(1v) Discontinuous at

(S) Not differentiable at

3 points 5 points
Match the following columns (s)
3. Which of the following combination is correct
() (D (@) (R) (b) (II) (i) (R) (c) @V) (iv) (P)  (d)(D (1) (Q)
4. Which of the following combination is correct
(a) (D) (i) (S) (b) (1) (1) (P) (c) (D (iii) (R)  (d) (D) (i) (R)
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1. The equation of the circle which passes through the
points of intersection of the circles

x2+y2_6x:0 and x2+y2_6y:0 and has its

33).
centre at 292 1S

@ x*+y*+3x+3y+9=0
(b) x> +y*+3x+3y=0
(©) x*+y*=3x-3y=0
(d) x* +y*=3x-3y+9=0
2. The angle between the tangents from («,f) to

the circle x* +y* =a’, is

(b) tan~ [ P

2tan”' SR ——
() [ o+ p -
(d) None of these
3. The locus of mid point of the chords of the circle

x> +y* —2x—2y—2 =0 which makes an angle of

120° at the centre is

l
|
|
|
|
|
|
|
|
|
|
|
|
|
|
l
fan™ | e ]
(a) £1a2+ﬁ2—a2J I
|
|
|
|
|
|
l
|
|
I
|
|
|

“A Colossal juncture to get introduced to the
national standard mock tests of BITSAT*

(@) x*+y* =2x-2y+1=0
®) >+ +x+y-1=0

(©) ¥* +y*=2x-2y-1=0
(d) None of these

4. A chord AB drawn from the point 4 (0,3) on circle

x” +4x+(y—3)> =0 meets to M in such a way

that AM =2AB , then the locus of point M will be
(a) Straight line

(b) Circle

(c) Parabola

(d) None of these

5. The equation of the line joining the point (3,5) to

the point of intersection of the lines 4x+y—-1=0

and 7x—3y—35=0 is equidistant from the points
(0,0)and (8,34)

(a) True

(b) False

(c) Nothing can be said

(d) None of these

. If one of the lines of the pair ax® + 2/hxy +by* =0

bisects the angle between positive directions of

the axes, then a,b, s satisfy the relation

(a) a+b =2l
®a+b=-2h
(c) a—b=2h|

(d) (a—b) = 4h°
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(@) 4-B=4ANB
®) 4=B

() B—4=4NB
(d) None of these

14. If f(x)=sin’x and the composite function

7. In order that the function f(x)=(x+1)*" is
continuous at x =0, f(0) must be defined as

(@ f(0)=1/e (b) f/(0)=0
() f(0O)=e (d) None of these

8. Which of the following is not true
(a) Every differentiable function is continuous
(b) If derivative of a function is zero at all points,
then the function is constant
(c) Ifa function has maximum or minimum at a point,
then the function is differentiable at that point
and its derivative is zero
(d) If a function is constant, then its derivative is
zero at all points

9. Let @,f be the roots of x> —2xcosg+1=0 ,

g{f(x)} =[sinx|, then the function g(x) is equal

to

(@) Jx—1 ®) Jx
© Jx+1 () —/x

P
15. In a triangle PQR,f:%, If tan(zj and

0
tan (3 are the roots of the equation
then the equation whose roots are «", 8" is

2 -
(8) * — 2xcosng—1=0 ax” +bx+c=0(a#0). Then

b=

(b) x* —2xcosng+1=0 (@) atb=c

(b)yb+c=a

(c)a+c=b
(d) x* +2xcosng—1=0 @ b=c

10. If the roots of the equation ) 5
cos cos 7T

x> =2ax+a’+a-3=0 arereal and less than 3, | 16.If 3 = 2 =5,—72T<A<0,—2 <B<0
then
(@) a<?2 then value of 2gin 4+ 4sin B 1S

(a)4 (b)-2
O12ase @4 @0

a<
1 .

@ a>4 17. Let (%) Zz(smk x+cos" x) where xe R and

11.1f C,,C,,C,,....,C, are the binomial coefficients,

Th x)=fs(x) equals
then 2.C, +2°.C, + 2°.C, +.... equals k=1, Then /i (x)= /i (%) equ

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
:
|
(c) x> —2xsinng+1=0 |
|
|
|
|
|
|
|
|
|
|
|
[
|
|
|
|
|
|
|
|
|

1 1
3"+ (-1)" 3" —(=1" = b) —
@ 3D RESQ) OF ®)
2 2
3" +1 3" -1 (c) : (d) 1
n + n _ C — —
© — (d) 6 3
12. The sum of the coefficients in the expansion of 18. cot& =sin20(0 # nzr,n is integer), if ¢ =
(1+x—3x%)"% will be (a) 45° and 60° (b) 45° and 90"
@0 )1 (c) 45" only (d) 90° only
(c)-1 (d) 2*'¢ | 19. Two straight roads intersect at an angle of 0°. A
13. Forany two sets Aand Bif ANX=BnX=¢ | bus on one road is 2 km away from the intersection
and AUX = BUX for some set X. then | and a car on the other road is 3 km away from the

| intersection. Then the direct distance between the
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20.

21.

22,

24.

. The value of 4 for which the system of equations

two vehicles is

|

() 4 km (b) 2 I
(c) 4 km (d) /7 kim |
The probability that a leap year will have 53 Fridays |
or 53 Saturdays is |
2 b3 }
OF () > |
4 oL |

An unbiased coin is tossed. If the result is a head, |
a pair of unbaised dice is rolled and the number |
obtained by adding the numbers on the two faces |
is noted. If the result is a tail, a card from a well |
shuffled pack of eleven cards numbered 2, 3, 4,....,
12 is picked and the number on the card is noted.
The probability that the noted number is either 7 or

8, 1s
(2)0.24 (b) 0.244
(c)0.024 (d) None of these

If 4,B,C be the angles of a triangle, then

-1 cosC cosB
cosC -1 cosdl=
cosB cosd -1

(@1
(b0

(¢) cos Acos BcosC
(d) cos A+cosBcosC

2x—y—z=12,x-2y+z=—-4, x+y+Az=4
has no solution is

(@3 (b)-3 (©)2 (d)-2

If Pisa 3x3 matrix suchthat p” — o p 4 j,where
pT is the transpose of P and / is the 3x 3 identity
matrix, then there exists a column matrix

X 0
X=1y|=0 such that

z 0

0

PX=|0

(a) ®PY=x

25.

26.

27.

28.

29.

31.

32

(©) PX=2X d pPY=-x

If yWx%+1= log{\}x2 +1 —x} , then

(x’ +l)ﬂ+xy+1:
dx

@0 ()1
(c)2 (d) None of these
For the function f(x)= x> —6x+8,2<x<4, the
value of x for which f'(x) vanishes, is

9 b 5 3 d 7
@, O @© @
The speed v of a particle moving along a straight

line is given by @ +bv’* = x> (where x is its distance
from the origin). The acceleration of the particle is

(a) bx ®)x/a  (©x/b (d)x/ab
The abscissa of the point on the curve
y=a (e'” e ) where the tangent is parallel to

the x —axisis

(2)0 (b)a (©)2a (d)-2a

In (-4,4) the function f(x) = f}o(ﬁ —4)e dt has

(a) No extrema
(b) Two extrema

(b) One extremum
(d) Four extrema

. J.sin'1 (Bx—4x)dx =

(@) xsin™ x+fl—x* +e¢

(b) xsin™' x-l-x* e

(©) 2xsin" x+1—x* +¢

(d) 3[xsin" x+v1-x7 ]+ ¢

Area bounded by the curve x* =4y and the

straight line x =4y -2 is

(a)g Sq.unit (b)% sq.unit

4 .
(c) 3 sq.unit (d) None of these

. In how many ways can 6 persons be selected from

4 officers and 8 constables, if atleast one officer is
to be included

(a)224 (b) 672



(c)896 (d) None of these
33. In a certain test there are n questions. In the test |

771 students gave wrong answers to atleast i |

questions, where i =1,2,...n. If the total number |

of wrong answers given is 2047, then 7 is equal to
(a)10 (b) 11 (o) 12 (d)13

n n n
34. For 2Sr£n’[rj+2(r—lj+[r—2j is equal to
n+l n+l
@) r—1 (b) 2 r+1
n+2 n+2
©2 @ ,

35. If two tangents drawn from a point P to the parabola
y* =4x are at right angles, then the locus of P is

@ x=1 ®2x+1=0@C)x=-1(d)2x-1=0
36.1f ‘a’ and ‘¢’ are the segments of a focal chord of a
parabola and b the semi-latus rectum, then

(a) a,b,c areinA.P
(b) a,b,c arein GP
(¢) a,b,c areinH.P
(d) None of these
1
37.1f S, = nP+5n(n—1)Q, where S, denotes the

sum of the first # terms of an A.P., then the common
difference is

(a) P+Q (b) 2P+3Q
(c) 20 (d 0
xn+1+ n+l
38. The value of n for which —,— , is the
x"+y

geometric mean of x and y is

@n=-3 ®1=2  ©n=1 @ n=-1

39. The sum of the series 1+ 2x+3x> +4x° +.... upto

n terms is
1—(n+1)x" +nx"" 1—x"
@O iy 054
(c) x"! (d) None of these

41.

42.

43.

44.
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I 40.Tf 1+ cosa +cos> @ +...00 = 2 —~[2 , then

a,(0<a<rn)is

(@) 7/8 (b) z/6

©) z/4 (d)37z/4

The trigonometric equation sin™ x = 2sin' 2a
has a real solution if

1
(a) |a| > E

1
(®) 2\/5 - |a’ - \/5
la]>—=
© 2\/5
o) s—=
@ =507

2 .
The value of lxlil(};log (I+x) is equal to

(a) e (b) (© 12 (d)2
The equation of line of the curve whose slope at
any point is equal to y+2x is

(@ y=2("+x-1)

(b) y=2(e* —x-1)

(c) y=2(e"—x+1)

(d) y=2(e" +x+1)

Suppose a population 4 has 100 observations 101,
102,..., 200 and another population B has 100

observations 151, 152, ..., 250. If V, and V

represent the variances of the two populations,

VA
respectively, then A is
B

9 4 2
@ Oy  ©F @3

If |8 + z| +]Z —8| =16 where z is a complex number,

then the point z will lie on
(a)Acircle (b) An ellipse
(c) A straight line (d) None of these
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VEDIC MATHEMATICS

FACTORISATION OF QUADRATICS

Multiplication of two factors to find their product
is a straight forward process. Factorisation is the
reverse process which starts with the product and
discovers the original factors. I
In general, factorisation is a more difficult process |
than multiplication. The public-key cryptographic |
system relies for its secrecy on the difficulty of |
factorising a large number of perhaps 40 or 50 |
digits which is the public key. Only those who |
know the factors can crack the code, though it
would be a simple matter to calculate the key, |
given the factors.

Similarly, algebraic factorisation is more difficult
than algebraic multiplication. The sutra Vertically
and Crosswise deals with multiplication, and in
the simplest case two linear factors give a
quadratic product. In Vedic Mathematics Tirthaji
also gives the sutras which are needed for
factorisation. These are Anurupyena, or
Proportionately and Adyamadyenantyamantyena,
The first by the first and the last by the last.

Example 1: Consider the factorisation of the quadratic

expression x>+ (a+b)x+ab has two linear
factors (x+a) and (x+b), we wish to find two
numbers ¢ and p such that 54+p=7 and
ab=10. This is a very simple case and there is
little difficulty in seeing that ¢ =2 and p = 5.

Example 2: Factorisation is more difficult when the

coefficient of x° in the quadratic is not unity.

I

|

|

|

|

|

|

|

|

|

|

. . |
equation x2 + 7x +10. Knowing that the general |
|

|

!

|

|

|

|

|

|

|
Consider 3x? +10x +8. The factors must be of the |
|

form (3x+a)(x+b), and we see that the

independent terms ¢ and p multiply to make 8.

Maybe g=1 and =8, or ¢ =2 and h =4, but
it becomes a matter of trial and error to see which
of these combinations applies and to find which

of a and b belongs to the 3x and which to the x.

This is where the sutras offer a systematic process
in which the mind can come to rest. Like a
jeweller shaping a gemstone, we are looking for
the natural angle at which the stone will split. The
crucial first step is to focus on the coefficient of
the middle term. This should split into two parts

such that the ratio of the coefficient of x* to the
first part is the same as the ratio of the second
part to the independent term. For our example,

3x* +10x+8, the middle coefficient 10 splits as
10 = 6+4, so that

3x* +10x+8=3x> +6x+4x+8

The ratio 3 : 6 is the same as the ratio 4 : 8. In its
simplest terms the common ratio is 1: 2 and this

shows that (x+2) is one of the factors we are

looking for. Once Proportionately has done its
work, we use The first by the first and the last by
the last to find the remaining factor. Dividing the

firstterm x of the newly found factor (x+2) into

the first term 3x? of the original quadratic we find
the first term 3x of the second factor. And dividing

the last term 2 of the (x +2) into the last term 8 of

the quadratic we get the last term 4 of the second
factor.

Sowesay 3x° +10x+8=(x+2)(3x+4)
Another way to arrive at the same set of factors is
via the split 10 = 6+ 4. This gives ratios 3 : 4
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and 6 : 8, which though less obvious are perfectly | Example 5: The same process applies when both the

valid. Working from this split we get the (3x+4) I

factor first and then derive the (x+2) factor via
The first by the first and the last by the last.

I
I
We may notice that whichever route we follow we |
need pay no further attention to the middle term I
of the quadratic once the first linear factor is found. I
Negative coefficients: The same principles apply I
when the quadratic contains negative coefficients

but the procedure may be adapted to retain |
maximum simplicity, using the sutra Paravartya |
Yojayet or Transpose and adjust. |

Example 3: Suppose the quadratic to be factorised is |

2x% +11x+15, where the term in x is negative |

but the independent term remains positive. |
Mentally, we first transpose the term |

—11x to +11x, and consider the quadratic

2x* +11x+15. Splitting the middle term

coefficient as as 11=6+5 gives ratios 2 : 6 and
5 : 15 and indicates a factor (x+3). The second

factor of the modified quadratic is then (2x+5).

The last step is to adjust these two factors, putting
minus signs in place of plus, to give the factors
of the original quadratic. So finally

2% —11x+15=(x=3)(2x =95).

different from the point of view of mental working
is when the independent term is negative, as with
3x% +2x-8.

Here we anticipate that of the two linear factors,
one will have a plus sign and the other a minus.
Accordingly, when we split the coefficient term,
one of the parts will be negative. In this example,

2 =6-4, givingratios 3 : 6 and —4 : —8. The first
factor is (x+2) and so the second must be
(Bx—4).

I
I
I
I
I
I
I
I
I
I
I
I
Example 4: Another situation which is just a little :
I
I
I
I
I
I
I
I
I
I
So 3x” +2x—8=(x+2)(3x—4). :
I

linear and the independent terms are negative,
as with 3x” —13x—10. Splitting the middle term
as —13=—-15+2 gives the ratios 3:-15 and
2:-10, leading to

3x* =13x—10 = (x - 5)(3x +2)
Alternatively, it may be found easier to use

Transpose and adjust and work with a positive
middle term. Looking for the factors of

3x? —13x—10. we then split 13 =15-2, so that
3x* —=13x-10 = (x +5)(3x—2)
Reversing the signs in these linear factors gives

the factorisation 3x* —13x—10 = (x —5)(3x +2)
as found above.

Example 6: Of course, when the x° coefficient is

negative it is easiest to reverse all the signs and
use one of the methods above. So we treat

_3x% +13x—10 as (3x* —13x+10) giving the

factorisation (x—5)(3x+2). This is another

instance of Transpose and adjust.

Alternative splitting method: Going back to
Example 2, 3x* +10x+8, another way to arrive
at the split for the middle term is to multiply
together the first coefficient and the last, 38 = 24,
and then find two factors of 24 which when added
make the middle coefficient. So 24 =4x6 and
4+6=10.

Checking: A sub-sutra which is of great use in

verifying the correctness of multiplications and
factorisations is Gunita samuccaya samuccaya
gunita or The product of the sum of the coefficients
in the factors is equal to the sum of the coefficients
in the product. For example, in the factorisation
3 +10x+8 = (x +2)(3x + 4)

the sums of the coefficients in the factors are
respectively 1+2 =3 and 3+4 =7. The product
of the sums is 3x7 =21, and this is equal to the
sum 3+10+8 of the coefficients in the product,
confirming the factorisation.
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This can also be used as a method to help find the |

factors. With the quadratic 3x>+50x+32 the |
individual coefficients 3, 50, 32 offer an |
unhelpfully large range of possible ratios. But the |
sum of the factors is 85, with prime factors 5 and |

17, pointing strongly to the factor (x+16) and |

the factorisation (3x+2)(x+16).

The Discriminant: It is well known that the
quadratic equation Example 5

|
|
|
|
ax* +bx+c¢=0 |
has solutions provided that the discriminant ;
|
|
|

b* —4ac is greater than or equal to zero. But what
is the rational behind this formula?

To see how the discriminant arises naturally,
suppose we are trying to factorise the quadratic
expression. Then we seek to split the middle

coefficient p into two parts b, and b, such that

a:b ::b,c, or equivalently b b, =ac. When p

1
splits into two equal parts, b, =b, = Eb, we

b2
have the largest possible product bb, = R If ac

exceeds this value, no factorisation (even in surd

b2 2
form) will be possible. So Y >ac, or T 20, is

a condition which must be satisfied if the quadratic

ax* +bx+c factorises, or if the equation

ax’ +bx +c = 0 has real roots.

MATHEMATICS - JEE MAIN
Cpractice questions R

|
. Let f(x)=2"x+1 and g(x)=3"x-1, if |

(fog)(x)=x, then x is equal to

[2017]
210 _ 310 _

@ 0y ®) 3o 5w
1_ 210

© o @ 205w

|

|

|

|

|

|

1 _ 3710 |
|

. The function f: N — N is defined by I
|

|

X
f(x) :X—S{g}, where N is the set of natural

numbers and [x] denotes the greatest integer less |
than or equal to x, is |

[2017] |
(a) One-one but not onto |

3

4.

(b) One-one and onto
(¢) Neither one-one nor onto
(d) Onto but not one-one

1

For xeR,x#0,x=1, let fo(x):l_x and

fnﬂ(x):fo(fn(X)),n:O,l,Z,....T then the

2 3
vlaue of fio (3)+ /1 (g) +/ (5) is equal to
[2016]

4 1 5 8
(a) 3 () 3 (©) 3 (d) 3

Let A={x,%.....X;} and B={y,,»,,;} be

two sets containing seven and three distinct
elements respectively. Then the total number of



functions f: A — B that are onto, if there exist :

exactly three elements x in A such that f(x) = y,, I

. Let P be the relation defined on the set of all real
numbers such that

P= {(a,b) :sec’a—tan’ b = l} is

is equal to : |
[2015] I

(a) 14.7C, (b) 16.7C, |
(c) 14.7C, (d) 12.7¢C, :
I

[2014]
(a) Reflexive and transitive but not symmetric
(b) Reflexive and symmetric but not transitive
(c) Symmetric and transitive but not reflexive
(d) An equivalence relation
. Let fbe an odd function defined on the set of real

numbers such that for x>0.

is equal to [2014]
(@ >-243 (b) 2+243
2 2
3 3
©) —5—2\/5 (d) —5+2J§

. A relation on the set 4= { |x| <3,xez}, when

I

I

I

|

|

|

I

I

I

. 7 |
f(x)=3sinx+4cosx.Then f(x) atx=— |
|

I

I

I

I

I

|

I

I

z is the set integer is defined by

R={(x,y:y=|x|, x#—1}. Then the number of I
elements in the power set of R is: [2014] I
(a) 32 (b) 16 ()8 (d) 64 I
-1
. Let f:R— R be defined by f(x)= | |+1 then
fis: [2014]

I

I

I

(a) Both one-one and onto I
(b) One-one but not onto |
(c) Onto but not one-one |
(d) Neither one-one nor onto |
I

I

I

I

I

I

9. Let 4={1,2,3,4} and R:4— A. The correct

relation defined by:
R={(1,1),(2,3),(3,4),(4,2)} .

The correct statement is:
[2013]

10.

11.

12.
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(a) R does not have an inverse
(b) R is not a one to one function
(c) R is an onto function

(d) R is not a function

Let R={(3,3),(5,5),(9,9),(12,12),(5,12),(3,9),(3,12),
(3,12),(3,5)} be a relation on the set
A=1{3,59,12} . Then R is

[2013]

(a) Reflexive, symmetric but not transitive

(b) Symmetric, transitive but not reflexive

(c) An equivalence relation

(d) Reflexive, transitive but not symmetric

Let R={(x,y):x,y enand x* —4xy+3y* =0},
where 7 is the set of all natural numbers. Then the
relation R is: [2013]
(a) Reflexive but neither symmetric nor transitive
(b) Symmetric and transitive

(c) Reflexive and symmetric

(d) Reflexive and transitive

Consider the function:

f(x)=[+]
greatest integer funciton.

Statement 1: fis not continuous at x =0, 1, 2 and
3.

the

—-x -1<x<0
1-x 0<x<l1
f(x)=
Statement 2: I+x 1<x<2
2+x 2<x<3

[2013]
(a) Statement 1 is true; Statement 2 is false,
(b) Statement 1 is true; Statement 2 is true; Statment
2 is not correct explanation for Statement 1.
(c) Statement 1 is true; Statement 2 is true; Statment
it is a correct explanation for Statement 1.
(d) Statement 1 is false; Staement 2 is true.

ANSWER KEY

1.¢c 2.¢c 3.¢c 4.a
5.d 6.a 7.b 8.d
9.¢c 10.d 11.a 12.a
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1.

SOLVED PAPER

* Mathematics x

If the curves y’ =6x,9x> +by’ =16 intersect
each other at right angles, then the value of b is :

W5 6 ©2 (@4
Let ,; be a vector coplanar with the vectors
a=2i+3j—k and b=j+k. If 5 is
perpendicular to 7 and j.p =24, then u is
equal to:

(a) 84 (b) 336 (c 315 (d) 256

Foreach t e R, let [t] be the greatest integer less

)

than or equal to ¢. Then

(23]

(a) Does not exist (in R),
(b) Isequal to 0,

(c) Is equalto 15,

(d) Is equal to 120.

If L, is the line of intersection of the

planes 2x—-2y+3z-2=0,x-y+z+1=0 and
L, is the line of intersection of the planes
x+2y—2z-3=0,3x—y+2z-1=0, then the
distance of the origin from the plane, containing
the lines L, and L, is:

1 1 1 1
@5 O, O35 @55

5.

6.

7.

8.

¢ sin’(x)
The value of J;l+2x ¥ is
2
I wI o o
@, ®F ©F @4
Let g(x) =cosx’, f(x)=+x ,and B(a <) be
the of the

18x* —97x+ 7> =0 . Then the area (in sq.units)

roots quadratic equation

bounded by the curve y = (g o f)(x) and the lines
x=a,x=f and y=0, is:

(@) %(JE—I) (b) %(\5—1)

© %(J§+1) () (J_ V2)

If the sum of all the solutions of the equation

8cos(x).[cos(z + xj.cos (ﬁ - xj - 1] =1
6 6 2

in [0,72'] is kz ,then f isequalto :

20 2 13 8
(@) 9 () 3 (© o (d) 9

1 1
Let /(x) = x* +x—2 and g() :JC—;JGR—{—LOJ}

f(x)
g(x)

h(x) is:

If h(x)= , then the local minimum value of




10.

11.

12.

13

14.

If Z(x[ _5)29 and

(@) 242

The integral

(b)3 (c)-3 d 22 |

sin’(x)cos” (x)

e e e G e

I

I

I

(Where C is a constant of integration) |

_—1 +C ; +C I

@ T3 cot’ () ®) 30+ tan’ (x) :

-1 1 |

—+C —+C

© 30+ tan’ (x)) @ T cof () |

A bag contains 4 red and 6 black balls. A ball is I
drawn at random from the bag, its colour is

observed and this ball along with two additional |

balls of the same colour are returned to the bag. If |

now a ball is drawn at random from the bag, then |
the probability that this drawn ball is red, is

3 3 2 1
@; ®F; ©F @5

Let the orthocentre and centroid of a triangle be I
A(-3, 5) and B(3, 3) respectively. If C is the |
orthocentre of this triangle, then the radius of the |
circle having line segment AC as diameter, is

5
¥oww 0w @y

If the tangent at (1, 7) to the curve x> =y—6

(@)

touches the circle x* +y* +16x+12y +¢ then the
value of ¢ is:

(a) 95 (b) 195 (c) 185 (d) 85

If a, f € C are the distance roots , of the equation

x*—x+1=0,then ' + ' is equal to
()2 (b) -1 (©)0 (d1
POQR is a triangular park with PO =PR=200m.
AT.V tower stands at the mid-point of OR. If the |
angles of elevation of the top of the tower at P, O |
and R are respectively 45°,30° and 30°, then the |
height of the tower (in m) is :

(a) 5042 (b) 100
(¢) 50 (d) 10043

Z(x,- —5)2 =45 | then the
i=1 i=1

standard deviation of the 9 items x,,x,,...,X,1s:

Mathematics Times |May [l

(a)3 (b)9 (c)4 (d)2
16. The sum of'the co-efficients of all odd degree terms
in the expansion of

(x+ﬁ)5+(x—mr,(x>l)is:

(a)2 (b) -1 (©0 (d)1
17.Tangents are drawn to the hyperbola

4x* —y* =36 at the points P and Q. If these
tangents intersect at the point 7(0, 3) then the
area(insq.units) of APTQ is:

@ 365 () 45{5  (©) 5443 (D603
18. From 6 different novels and 3 different dictionaries,
4 novels and 1 dictionary are to be selected and
arranged in a row on a shelf so that the dictionary
is always in the middle. The number of such
arrangements is
(a) At least 750 but less than 1000
(b) At least 1000
(c) Less than 500
(d) At least 500 but less than 750
If the system of linear equations

X+ky+3z=0
3x+ky-2z=0
2x+4y-3z=0

19.

Xz
has a non-zero solution (x, y, z), than y—z is equal

to
(a) 30 (b) -10 (c) 10 (d)-30
x—4 2x 2x
20.01f | 2x  x—4 2x =(A+Bx)(x—4)", then
2x 2x x-—-4
the ordered pair (A, B) is equal to
(@ &5 ®(4-5 (©E43) @45

21.Two sets A and B are as under

A={(a,b)e RxR:|a-5|<land|pb-5 <1};

B={(a,b)e RxR:4(a—6)’ +9(b—-5)" <36},
Then:

(a) Neither 4 = B nor B - 4

(®) Bc 4

() AcB

(d) AN B = ¢ (an empty set)
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22. Tangents and normal are drawn at P(16, 16) on | 3 5 ) 1
2 S . < — z 2z
the parabola y* = 16x which intersect the axis of | () \/; (b) 5 © 3 @ 3

the parabola at 4 and B respectively. If C is the
centre of the circle through the points P, 4 and B | 29. LetS = {x €R:x20 and

and /CPB =@, then a value of tan(é) is: 2|\/;—3|+\/;(1/;—6)+6=0} then S

(a) Contains exactly four elements
(b) Is an empty set

|

|

4 b ! 2 d)3 |

@ 3 ®) 5 ©) (d) |
} (c) Contains exactly one element

|

|

23.Let S={teR:f(x)=’x—7r|.(e|x|—1)sin|x| is

not differentiable at ¢ }. Then the set S is equal to

(d) Contains exactly two elements
30. Let a,,a,,a,..,a, be in A.P. such that

equivalent to (a)33 (b) 66 (c) 68 (d) 34

@-~q (b)~p ©p (d ¢q

25. A straight line through a fixed point (2, 3) intersects | ANSWER KEY

the coordinate axes at distinct points P and Q. If Q |
is the origin and the rectangle OPRQ is completed, |
then the locus of R is:

(a) 3x+2y=6xy (b) 3x+2y=6

(¢) 2x+3y=xy (d) 3x+2y=xy
26.Let A be the sum of the first 20 terms and B be

the sum of the first 40 terms of the series

P+22° 432424 +5 42.6" +..

l

|

|

|

|

|

If B—24=1004,then 2 isequal to: |
(a) 496 (b) 232 (c) 248 (d) 464 |
|

|

|

|

|

|

|

|

(@) {0.7} (b) ¢ (an empty set) | "
(©) {0} (d) {7} ] kzz(;a‘*kﬂ =416 and q, +a, =66.If
24.The boolean expression ~(pv q)v(~pAq) is } a’+a,” +...a," =140 m, then m is equal to;
l
l

1.a 2.b 3.d 4.c 5.a

6.b 7.¢ 8.a 9.¢c 10. ¢
11.d  12.a 13.d 14.b 15.d
16.a 17.b 18.b 19.¢ 20.d
21.c¢  22.c¢ 23.b 24.b 25.d
26.c 27.d 28.a 29.d 30.d

HINTS & SOLUTIONS

l
27.Let y=y(x) be the solution of the differential | 1.Sol: Given y2 =6x )
N and 9x* +hy* =16 2
equation sin(x) Yt yeos(x),x € (0,7). I e 2)
dx slope of tangent of first curve
V4 V4 I dy
){5 = 0) ;then J’(g) is equal to : 23"5 =
4 4 Y _6
——7 —=7 === 3
@ ®) 575 dx 2y @
g g Slope of tangent of second curve
_° q) -2 .
© 975 @~ { 18x+2by%=0
X

28. The length of the projection of the line segment ]
joining the points (5, -1, 4) and (4, -1, 3) on the | dy —18x —9x

plane, x+y+z=7 is: | e dx  2by by “
]



Also given that curves intersects at right angle

ie., mm, =—1
D
= 2y )\ by)
= -27x =-by’
- —27x = —b(6x) (from (1))
27 9
= T
2.Sol: &'(ZIXB)ZO; u-a=0
and u-b=24
Let E=(E-a)a+(5-ﬁ)a
|z§2:(z§ a)2+(z3 12)2
e (Bea)
|b2=(b.a)2+ |u"2)
)2, 0% :\&]2 336
7 faf

3.Sol : hrpx — |+ = |+t —
x>'x X X X
. [1 {1} 2 {2} 15 {15}]
=limx| ——<{—t+——q—p+..+——9—
-0 x X b X X b
=lm(1+2+3+...+15)+ hmx[{l}ﬁt{g}vaL{E
X0 =00\ | x X X

{ 0< {ﬁ} <lVxe R}
X
~120

4.Sol: Plane passes through line of intersection of
first two planes is

2x-2y+3z=-2)+A(x—y+z+1)=0

X(A+2)-y2+A)+z(A+3)+(1-2)=0 (1)
Eq(1) have infinite number of solutions with

x+2y—z-3=0 and 3x—y+2z-1=0 then

Mathematics Times IMay [l

(A+2) —(1+2) (1+3)
1 2 -1 |=0
3 -1 2
Solving 1 =5

Tx—=T7y+8z+3=0
Perpendicular distance from (0, 0, 0)

3 1
s Jiee 32
2 sin® x
5.Sol: Given I = .[ 130 dx (1)

-z/2

b b
using property If(x)dx = jf(a +b—x)dx, we

/2

have 1= .[

—-r/2

adding (1) and (2)
72

21 = J sin? x dx

-z/2

sin® x e
142~ @

/2

=2l = 2.j sin? x dx
0

:>21=2><%:>1=E

6.50l: 18x* —9zx+7> =0

(6x—7)3x—-7m)=0

ie., 6’3
Vil Vil
a:—’ = —_—
6 p 3
now, y=(gof)(x)=cosx

Z b
Area= I; cosxdx = [sin x]3 x
6 6

N

2 2

= % (\E —1)sq.units
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. 1 2
7.Sol : 8COSXKCOS2 %—sm2 xJ—E} =1 Let h(r) =t+=
2
3_1 () =1-
8cosx| =———1+cos’ x |=1 ®) 2
- [4 2 J t
- -
= 800sx><(40032x—1—2):1 5 0 N
= cos3x =4cos® x —3cos x . Local minimum value occurs at s = /2
= 2xcos3x =1 - The local minimum value is h(\/z ) =22
cos3x ! 2 2
: — e— .
2 9.Sol: Let I:,[ sin” xcos” x dx :
ie 3x€[0,37] [(sin2 X+ cos? x)(sin3 x+cos’ x)]

sin® xcos® x
o[ SmreOS X g
(sin3 x+cos’ x)

3x:1,27r—£,27r+£
3 3

13z
sum=-g _ ptan® x.sec’ x

1 (1 +tan’ )c)3
8.Sol: Letg(x) =x——=1¢
g Put (1+tan’ x) =1¢

g'(x)=1+L2>0 3tan® xsec’ xdx = dt
x

potpdr_ 1

=——+C
37¢ 3t

= te R—{0};t* € (0,0)
-1

1 1Y
Now, f)=x"+ :(x— J +2=+2€(2,0) [=—— . (C
X x Hence, 31+ tan’ x)

N h(x) = f(x) 10.Sol : E, : Event that first ball drawn is red
ow, =
g(x) E, : Event that first ball drawn is black
S 42 t+g E, : Event that second ball drawn is red.
Te(x) ¢t ¢
g(x) E E
P(E) = P(E,).P| = |+ P(E,).P| =
I El EZ
g'x)=1+—=>0

X
y=g"(x

4 6 6 4 2

= —X— — X —
10 12 10 12 5
11.Sol: Orthocentre A(-3, 5)
Centroid B(3, 3)
By section formula we have

/ {ul.m 2t (3)
(-1,0) -~ =7 -3
3
= 2h—3=9
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= h=6 .
2k+5
Now, =3
3
= 2k+5=9 14.Sol:
- k=2 ( ‘1"“00 H{Ob-('-- R
= A(-3,5) o4 M
Diameter AC =9 +3% =3J9+1 =310 Let height of tower TM be n
SPM =n

Wi [
Radius =—— =3, H—
adius b b

tan30° = e
. : 2 n & TQM’ QM
12.Sol: Given curve is x“ = y—6

p OM =3h
_dy
= 2x=—r In A PMQ, PM*+0OM* = PO’
2
(d_yj _, 1 +(\B3h) =200°
- -
dx an 2 ,
j—l =
Equation of tangents at (1, 7) is 4 200
7= 2 = hg:IOOm 9
=2x—y+5=0 (D) | 15.801: Given 2. (% —5)=9and D (x,~5)" =45

i=1 i=1

D ox, =54 and ) x7 —10) x, +9(25) =45

Line (1) touches the circle

X+ +16x+12y+¢=0

- Per.pendicular dis.tance from the centre of the ie., z x> —10(54)+225 = 45
circle is equal to radius of the circle
2
e = > x? =360
ie 29 -CO*S)_ fear36-c
’ Va+1 Z 2 Z 2
Now variance =“~=——| =~
25 9 9
= ? =100—-c
2
= 5=100-c :@_(ﬁj
=c=95 K K

=40-36=4
Hence standard deviation is 2

16.Sol: we know (x +a)’ + (x—a)’

13.Sol : Givena,f are the distinct roots of the
equation x* —x+1=0

1+4/-3 ,
X = =

-, —®
2

(where @ and ? are non-real cube roots of unity)

= 2[5C0x5 +Cxa + C4x.a4J
i.e.,(x+\bc3 —1)5 +(x—\/x3 —1)5

:2[5C0x5 + C2x3(x3 —1)+5 C,x(x’ —1)2]

1e.,
Sa=-w and f=-0’

="+ =" +a7") ={ s +a) =1 [ +105° 105 + 527 105" + 5x]
=2| x x —10x X —1Ux X
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Now consider odd degree terms

2[)55 +5x7 —10x° + Sx]

Number of ways of selecting 1 dictionary from 3
dictionaries =* C,

Sum of coefficient of odd terms is 2 Required arrangements=° C, x°’ C, x4!=1080

2 Atleast 1000
. — — — 1
17.Sol: Hyperbola 9 36 3
4 19.S0l: Given |° ¥ =0
4 2 -3
\‘l‘m_} / ;
RRIEY( DV I =3
=24
° { x+ky+3z=0 (1)
7 -6 4 {'—‘) 3x+ky—-2z=0 2)
'“*" 2x+4y-3z=0 3)
On solving(1) and (2)
PQ is a chord of contact w.r.t 7(0, 3) 2x—52z=0 “4)

Equation of PQis T =0 On solving (3) and (4) 4y =2z, we get

|
|
|
|
|
|
|
I
|
|
|
|
|
|
|
|
|
|
|
|
|
|
| e
v =-12 intersect the hyperbola at P & Q | 4
|
I
|
|
|
|
|
|
|
I
|
|
|
|
I
|
|
|
|
|
|
|

. x(0) 3 _, 5
ie., e
9 36 ZXz
E_2 -0
= y=-12 y? z?
- P(—45,-12); 0(W45,-12) x—4 2x  2x
20.Sol: now. | 2% X—4 2x =(A+Bx)(x—A)’
1% 12 1 l2x  2x x-4
AreaofAPTQZE 0 3 1245\/§
Va5 -2 1 -4 0 0
18.501 Put x=0=|0 -4 0|=A4"=A=-4
.Sol:
0 0 -4
i 6R | r x—-4 2x  2x
10 6B 1 now, | 2X x4 2x =(Bx—4)(x+4)
2 2x 2x x—-4
4R
R 6 R R, R3
4B o ?—)Rl,7—>R2 and 7—)R3
B 10
4R |r_
8B |!
3 TR R
X
2
Number of ways of selecting 4 novels from 6 2 1—i 2 =(B—ij(l+ij
X X X
novels=°* C, 4
2 2 1-—
X
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1 2
as x—>oo=2 1 =B=B=5
2 21

The desired order pair is (—4,5).
A(-16,0 < C(4,0)\B(24,0)

21.Sol: Given |a—5[<1 and |b—5| <1

2 2
(a—06) N (h-5) <1
9 4
Taking axes as @-axis and b-axis

1e., 4<a,b<6and

‘We know product of slope of a tangent and normal

is -1
(16—0]( 16—0)
ie. =-1
>\16+16 )\ 16 —-24

. AB is diameter of circle i.e. centre C(4, 0)

_16-0 4
16-4 3
m = 16-0
16-24
Hence, the square that represent the set 4, like wise 3
the ellipse represents the set B. 4 (-2)
tand = 2

Clearly from the above graph, we see the set 4 is
inside the set B.i.e., 4 — B

22.80l: y* =16x

— "
1+(3)(—2)

d 16 8 23.Sol: Given f(x)= |x—7r|(e:" —1)sin|x|

Slope of tangent dr = g =

- y
(d_yj 1
dx (16,16) 2

1
Equation of tangent y—16 = E(x —-16)

We check differentiable at x = 7 & x =0
Now at x = 7, we have

|7r+h—7r|(e””" —1)sin(7z+h)—0
h

R.H.D=lim =0
h0'

|z —h-z|("" =1)sin(z—h)-0

- x=2y+16=0 1 | “HP=fim T =0
Equation of normal is y—16 = -2(x—16) .. RH.D=L.H.D, so function is differentiable at
X=7

2x+y—-48=0 2)
Given that, Tangent & normal intersect the axis of

parabola i.e.,
A(-16,0)  B(24,0)

Like wise at x = (0, we have

| —z|(e" 1)sin |- 0
RH.D= lim =0

h—>0* h
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LHD = lim

h—0"

[~h— | ~1)sin|-4[-0
—h -

0

-.RHD=LHD, so function is differentiable at

x=0

Set S is empty set, i.e., @.

24.Sol: ~(pvq)Vv(~ pArQq)

~(Pvgq)| ~Pnrg =B

F T T

T E T

X
25.Sol: Let the equation of line be 2 +% =1

(1

Given that, eq (1) passes through the fixed point

(2.3)

ie.,

24221 )

P(a,0).0(0.5).0(0,0). R(h.k)

Mid point OR is (—,—]

Q(0,b) R(h.k)

0(0.0) P(a,0)

ab

Midpoint of PQ is (_ —) =>h=a,k=b (3)

2°2

from (2) & (3), we get

E+é_1:>1 f R(h, k
Tk ocus of R(h, k)

z-|-£=133x—i-2y=)c
Xy

|
|
|
|
|
|
|
|
|
|
|
|
|
|
I
I|
|
|
|
|
|
a b |
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
l
]I
|
|
|

26.Sol: Sum of first 20 terms
A= (12 +3° +....+192)+2(22 +4° +....+202)

A=(12 +22 43+ 419 +202)+(22 +4 +....+202)

=

=

ie.,

20x41x21
—_
6

A= 2?2 (12+22+....+102)

A =2870 1 4x 101121

A=4410

Now, sum of first 40 terms

B= (12 +2? +....402)+(22 +47 +....+402)

Given

ie.,

:M+z2 (12 +2? +...+202)
6
40x41x81 [20x21x‘“)
_ +4
5 6
=33620
336208820 =1004
24800 =1004
A =248

27.Sol: sin xﬂ + y.cosx = 4x
dx

dy

4x
Sd—+y.cotx:.—,x¢ 0

X

Sin x

Now integrating factor is

cotx dx s .
[F=é =" =sinx

Multiplying integration factor, we get

at

From (1)

. 4x
y.sinx = J. -
sin x

.sin x dx

y.sinx = j4xdx
1

y.sinx =2x"+c¢

= y.sinx =2x* -
Y 2
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T ,I
at X=-— we have .'.PQzﬂc)La:\/z
6 3 3 3
o 29.Sol: Case-1: x €[10,9]
yo—=2X——
2 36 2 23 -vx)+x—6Jx +6=0
2
y=Z 2 = x—8Jx+12=0=/x =4,2
9
x=16,4=x=4 {16 ¢[0,9]}
2
= —8% Case-II: x€[9,0]
io5 yil 24 2(Vx=3)+x-6Vx+6=0
28.Sol: = = =4
1 1 1 x—4fx=0
P(A+54-1,2+4) =x=0,16

P is foot of perpendicular from 4 to plane
SX= 16{.'. O¢ [9,oo]}

34+8=7
| So x=4,16
- A= —3 30.Sol: Let @, =a and common difference = ¢
4 411 Given, a, +a,+a, +...+a, =416
P R R —
NOW, (393 53j = a+24d =32 (1)
a1 23 Also, a, +a,, =66 = a+25d =33 2)
= = Solving (1) & (2)

We get d =1l,a=38
Q(/1+4,/1—1,/1+3)

2 2 2
Q is foot of perpendicular from B to plane 31+6=7 Now, @ +a," +...+ a;" =140m

=87 +9%+...+24* =140m

A==

=

3 :>24><265><49_7><8><15:140m
13 =2 10

now Q ?9?’? =m=34

We request Readers to send their views/suggestions.

The feedback given by you will help us to serve you better.

Feed back
Matters!

E-mail your feedback to : feedback@pcmbtimes.com
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Challengin

Problems

. 10095
1. The value of ¢™*'*'? [pl—-‘-ﬂ is equal to
pr—=

1
(a1 (0 (©) -1 Oh
2. If f(x)=cosx—cos’ x+cos’ x..o0, then

20197
2

J. £ (x)dx is equal to
0

20197z

(@)1 (b)

20197

(©) (d) -1
3. If ¢ and B are the roots of x* —x+1=0, then

™ + g is equal to
(@0 (b)1 (c)2 (d) -2

4. Letf(k)zL and & f‘(k)

o AT T

2019
then the sum of z g (k ) is equal to
k=0

(a) 2019  (b)2008  (c) 1010 (d) 1009
5. Let, f:I" — R be a function such that

By: Rajan L. Shodhan(Ahemdabad)

Vn>1,gr-f(r)=n-(n+1)f(n) and f(l):

the value of /(1009.5) will be

(@) 2018 () 2019

1
(C) 2()]79 ‘5 ((1) 2()].8 '5

. A function ‘f” satisfies the relation

f(x+y)=f(x)-f(») for all x,yeN and

F)=2. 18 L (a+k)=16(2"-1) where

ae N, then 673a is
(a) 1346 (b) 2692
-1

(c) 2019 @ 519

LIFf (x) is a function such that

S(x=1)+f(x+1)=+3-f(x) and f(5)=

then Zf(5+12”) is equal to

r=0

(2) 2019 (b) 673
© 1 (d) 672-43



8. Consider the sequence 1,2,2,3,3,3,4,4,4,4,... find |

the 2019™ term of the sequence. Find also the sum

of first 2019 terms.
(a) 62 and 84396
(c) 63 and 84396

9. The remainder, when 2% is divided by 63, is

equal to
(a) 2 (b)4 (c)6

10. Total number of real values of x, such that

1 1
(2019 +x)7 +(2019+x)5 2187
x 2019 673

2186 ) 2019
@ 2019 ®) J1s6
673 4 2019
© 2019 @ 7787
ANSWER KEY
1.a 2.b 3.d 4.¢
6.c 7.a 8.b 9.d

HINTS & SOLUTIONS

1009-5
2019000t p | PEF]
. e A
1.Sol: |:pl' ] }

Toput cot”' p=@=cotd=p and ;= /|

1009-5
. 2
so10i0 | ECOtO—1
icot@+i’

. 1009-5
sotoi | i(cos@—isind)
=e —
i{cos@)+isin@

. 1009-5
—i6

_ 2090 | €

=e i0
e

. .9 710095
20190 ~2i0)
= 201 -|:e i :|

(b) 63 and 85,533
(d) 62 and 85,533

X 1 isequal to

Mathematics Times |May i

2019i60-2019i60 0
=e Y=e =1

2.S0l: Given f(x)=cosx—cos’ x+cos’ x..00

__cosx ('.'Sw= 9 j
I+cosx I-r

F(x)= cos x

1+cosx

2019525 2019%

CcOoS X 1+cosx—1
[ gy [ Lroosrl
I +cosx

dx

1+cosx

0 0

2019% 20197
2 2

dx—
?[ . '([ZCoszx
2

1

dx

21097

[x]2019’2‘ 1 I sec? X dx
0

0

20197
X 2
T 1 tan —
=20197 -2 2
2 2 J
2 o

=2019% | tan2019% —0
2 2
=2019£—tan[5057r—£}
2 4
=2019% +tan~
2 4

=2019% +1
2

3.S0l: Let x> —x+1=0

1124 143
2 2

x=-o and f=-0"

X

NOW, a2019 +ﬂ2019 — (_a))2019 +(_a)2 )2019

_ (_1)2019 (w3 )673 +(_1)2019 (a)3 )1346
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k
4.50l: Let f (k)= 5019

o f(k)+£(2019-k) =1
fH(k)

= £(2019-k)=

( ® = 1)
2019k
2019

k_, 2019k _
2019

(M

Again,

g(k):[l—fw)}“{f(k)]“ @

[/(2019) T

= g(2019-k)=

[1-7(0)]

[1-£(2019-k)] +[ £

2019-4)]

RDIR0)
(- from (1), f(k)+f(2019-k)=1

Take (2)+(3), we get
g(k)+g(2019—k)

S (k)

[1-f(k

)]

(W+[1-r 0]

(k) +[1- 1 (6)]

-~ g(k)+g(2019-k) =1

o g(0)+g(2019)=1

g(1)+g(2018)=1
(

g 2)+g(2017)

g(1009)+g(1010) =1
Adding them, we have

2019

;g(k)=

1+1=1+..1010 times

(147 (k)] + 7% (k) " k) +[1-rx)7

€)

5.Sol: i’”'f(’”):

:n-(n+1)-f(n):(n+l)-f

n(n+1)f(n)

=142 £(2)+3 f(3) +..n f(n)=n:(n+])- f(n) (1)
now we replace by (n+1), we get

F(1)+2: £(2)4+3- f(3)+...+n- f(n) +(n+1)- f(n+1)

=(n+1)(n+2)-f(n+1) 2)
Take (2) - (1) we get
(n+1)~f(n+l) =(n+l)-(n+2)'f(n+l)—n~(n+1)'f(n)

(n+1)[n+2—1]

:>n~(n+1)~f(n):(n+1)2of(n+1)
n-f(n):(n+1)-f(n+l)
f 2 f(2)=37(3)=4- £ (4)=n-f(n)

f(1)+(n—1)-n-f(n):

Put in equation (1), we have

f(

)+[n-f(n)+n-f(n)+..(n—1)times |
=n-(1+n)- f(n)
n-(1+n)- f(n)

f(l)=n-f(n)[n+1—n+1]
f(l)=2nf(n)

S _ 1

f(n)=7_2n (- r(n)=1)
L fn)=
= £(1009-5)=— =1
~2(1009-5) 2019
o £(1009- 5)—2019

6.Sol: Let, Zf(a-i-k) = 16(2" _1)
k=1

= f(a+1)+ f(a+2)+f(a+3)+..+ f(a+n)

=16[2"—1]



flatn)=f(a)-f(n)=2"-1(a)
Adding them

Z/ (a+k)=f(a)[ f(1)

=16[2"-1]

= f(a)[2+2° +2° +..+2" | =16[2" -1]

f(2)+..+f(n)]

L f()=2/(2)=(1+)=,(1)- f(1) =2-2=2,

fB)=r2+)=1(2)f(1)=2>2=2".]
RS

= f(a)=8
=2 10)=2,1(0)=2, F4)=2 /(9 =2,
w20 =2 (- f(a)=8=2)

L a=3

- (673)a=673x3=2019
© (673)a=2019

7.50k: f(x=1)+ f(x+1) =3/ (x) (1)
replace x be (x+2)
SN+ f(x43)=B-f(x+2) (@)

Take (1)+(2), we get

Fla=1)+ £ (x+3)+2- £ (x+1) =B f(x) + £ (x+2) ]
=‘/§~[\/§-f(x+1ﬂ
(.. from (1))

f(x—1)+f(x+3)=3-f(x+l)—2-f(x+1)

Mathematics Times |May i

" f(x—l)+f(x+3)=f(x+l) 3)
Again replace ‘x’ by x+2 in (3), we have
F(x+1)+ f(x+5)=f(x+3) 4)

Take (3) + (4), we have
=)+ £ (x43) /(x4 + £ (x4+5) = f(x+1) +/(x+3)
L f(x-1)==f(x+5)

Toput x=x+1
" f(x):—f(x+6) (5)
. f(x+12)= f(x+6+6)= f(x+6)-1(6)

==/ (x)-1(6)
(from (5))

=—f(x+6)
=/ (x)
L f(x+12) = £ (x)
3 fzn(;f(5+12r)
=f(5)+f(5+12)+ f(5+2-12)+ f(5+3-12)
+..+ f(5+672(12))
= f(5)+/(5)+ f(5)+...upto 673 times
(- f(5+12)=£(5), f(5+2-12) = f(5+12+12))
=/(5+12)- /(12)=/(5)- (12) =/ (5+12) = /(5)
=673x f(5)
=673x3=2019

672

g ;f(5+12):

8.Sol: Let 1,2,2,3,3,3,4,4,4,4,5,5,5,5,5,.........
Let us write the terms in groups as under
1,(2,2), (3,3,3), (4,4,4,4), (5,5.,5,5,5).....
Consisting 1,2,3,4,5....terms

2019

Let 2019" terms falls in ;™ group.

n(n—1)
2

n(n+1)

= n(n-1)<4038<n(n+1)
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Let us consider, n(n—1) <4038
= n*-n-4038<0

< 1+4/1+16152

2

n< 1++/16153

2
1+127-1 128-1
n<

=>n<
2 2
= n<64

For n(n+1)24038:>n2 +n—-4038>0

n> —1++/16153

2
n> —1+127-1:>n2126-1
2 2
= n=63
n=063

That means 2019" terms falls in 63™ group

Now total number of terms upto 62" group

_62x63 516321953

=17 +2° +3% +.+62° +63[2019-1953]

(v1(22)=2+2=4=2,(333)=3+3+3=9=3",

(4,4,4,4)=4%,..)

62x63x125

= 85,533

(63%66)

2019" term of the sequence is 63 and the sum

of first 2019 term is 85,533

9.S0l: Let 2" =(2°)

=[336¢, -63™ +336C, -(63)

= (63x8)[ (63) +336C; (63)

336

23

336

= (64) 8

=[63+1] -8

335

+336C, (63)™ +

- +336C3, (7)™ |8

334

+336C, (63)™

+.]+8

=63m+8, where me ]

. When 2019 isdivided by 63, we get remainder

is 8
10.Sol: Let,
1 1
(2019+x)7+{2019+x)7 2187 1
= X —_—
X 2019 673 7

=

=

=

=

=

(2019”); 2019+x |_2187 1
(2019)(x) | 673 "7

1

1 +
(2019+x)7" =3.37x 7

8

8
(2019+x)7 =3%-x7
2019+x=3"-x
2019+ x =2187x
2186x =2019

2019
X=—
2186
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W (EY 1
ANSWER KEY i.e.,A=J.[(y2+y)—dey=§
-1
Section I: P 5
1.3 2.4 3.4 4.4 5.7 2.80l: ¥ Z-T=_)
6.0 7.5 8.5 dx y

Section I1:
1.ab,c,d 2.a,c 3.a.c 4.a,bd 5.a dt 2 P
6.bc 7.ab  8.ac = 5_; Bt
Section I11: = 7 =—y"+c
l.c 2.b 3.b 4.¢ )
X
= 7 = —yz +c

also given that, this curve passes through (0, 2).

HINTS & SOLUTIONS

2

That is (g =—(2)* +c whichyields ¢=4.

2

Section I:

1.Sol: »* +y =x is plotted as in adjacent diagram

2

X
— 2yﬂ+ﬂ =1 . The desired equation is —2 = -y’ +4
dx dx y
2 2
A1 Now @) )= a
dx 2y+1
7 ie., M?* =47
dy
=1 = M|=4
Now dx (00) | |

3.Sol: Using lebnitz theorem, we get

sin(x). f (sin(x)).cos(x) = cos(x)

. 1
= S (sin(x)) = (o)

N x=Z
ow 6

- e

-1.2 :

4.Sol: We have m+m* =2p and m’ =¢q
. Equation of tangent at originis ¥ =X

Now the desired area is shaded area in the above
graph.

(m+m2)3 =p’8
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ie,m’ +m®+3m’ (m+m3)=8p3

q+q° +6pg=8p’

q+q’ +6pq
- TZS

5.50l: g+p+c=8
ab+bc+ca=12

I

I

I

I

I

I

I

I

I

= c=8-(a+b)0 |
ie., ab+b[8—(a+b)]+a[8—(a+b)]:12 :
b +b(a-8)+a’ —8a+12=0 |
also given pe R,s0 D>0 :
ie,(a-8) —4(a’ ~8a+12)>0 |
I

I

I

I

= 3a° —16a-16<0
Set of integral values of ¢ is {0, 1,2,3,4,5, 6 }.
.. Number of integral values of a is 7.

6.Sol: Suppose normals at &, £,y are concurrent at |
(h, k) and let s be the foot of the fourth normal from |

(h, k), then we have, Ztan(zjtan[gjzo and |

oDl

o
Eliminating tan(Ej from above, we will get

|

|

|

|

|

|
sin(a+ f)+sin(S+y)+sin(y+a)=0 :
7.Sol: Given AQ = BP |
= AB—-AQ = AB—-BP |
= AP |
ie, BO= AP :
Also given 2PM = PQ = PM = MQ |
ie., AP+PM =MQ+ QOB |
|

|

|

|

|

|

|

= AM = MB
M is mid point of 4B

M=2,3) =a+b=2+3=5

Section-1I:

1.501: | g(di =2k =2~ [ 2k
0 0

Let /(%)= T[Zkzt + g(t)}dt -2

As, 2k?t and g(¢) are continuous

= [Zkzt + g(t)} is also continuous

J(0)=-2,1im f(x) =

As f(x) changes its sign

= f(x)=0 forsame x € R and Vk € R
2.Sol: Given circle is (x— 1)z +(y- 3)z =1

Let tangent to the circle is y—3= m(x_1)+J1 +nr’
and (3, 4) lies on it.

(3.4/
7
i1 =2m+1+m’
= (1-2m)’ =1+m’
= dm* —4m+1=1+m’
= m’ —4m =0
4
m=0,—
1e., 3



N

x-3

<

=m=0,or—

Smallest value is 0 and Largest value is = 3

3
ok Seonec (-4 7)o 1) -2{2) o2

1 2 2 2(3//)5)4
= ——cot(x +y | -———+c=0
2 ( 7 ) 4
4.Sol: Roots of the equation
¥ -x)y'—x,y—x =0are3,5and 7

1e, x; =15,x, =71, x, =105

1

10>B =

“ Yioow|[_¥2
15-B 10->B
15 [10>W] 10 10 [15=2W] 15

5.Sol: ff \E E'/\E

11-B 15-B| [6—B 108
10->W|[ 165W [ [I10->W 10->W

ra | —

1 15 10 1 10 15
X X +--X X
2 .25 21 2 25 21
1 15 10 1 10 6 1 10 15 1 15 11
X=X —=X——=X=— =X —X—F =X —X-
2 2521 225 21 2 25 21 2 25 21
2 20

1+2+1+11 11+20+4
5 10

4
7

6.Sol: Normal at P(xl,yl)

-1
Yy=n :;'(x_kl)

Where y=0,x=x+my,
We have |x1 + my1| = 2|x1 ’
= x, +my, =+2x,

X
case-1: x, +my, =2x, > m=—

Y

dy _x ,.m:(dyj
dx y dx at()

1
7.Sol: We know, AM > HM for;
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2 2

:xdx—ydy:O;%—%z C —a hyperbola

—3x,
N

Case-1I: x, + my, = -2x;m =

dy
—+4+3x=0
ydx

2 2
Yy 3x .
~—+——=C (Ellipse
= D) (Ellipse)

1
c 2

1
,b,
1,

€ >

1
we get, a

— ——t—2=

1Y 1y 1Y
(a+ j +(b+ j +(c+ j
Now, b c a

3

2 2
a+1+b+l+c+1 6+
> b c a | s

3 3

2 2 2
(‘Hlj +[b+lj +[c+lj ZE
b c a 4

8.So0l: f(g(x)) = Jﬁ_(f —x+ 1)

1—()62 —)c+1)2
X' —x+1
() Domain of f(g(x)):x—x*>0= xe[0,1]

(b) Range of f(g(x)): g(x) =x"—x+1,xe[0,1]

3
= g(x)_|:zal:|

Now,

Flg() = | --gge F,l}
g 4
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L]

- f(g(x)) is decreasing =a<-1,>0,y>0

Paragraph -1
3&4.Sol: Any two points on y = x” is

Pla.a’):0(8.8)

— Max.value of f(g(x))= % at x =%

= Min.value of f(g(x))=0at x=1
(c) Since, g(x) ismany onein|[0, 1]

. f(g(x)) is many one Equation of PQ, y—a’=(a+p)(x-a)

(d) Hence f(g(x)) is bounded =(a+p)x—ap
Paragraph-1 a
1,2.Sol: f(x)=(x+a)(x2—2ax+1) = p-a=2

D<0=ae(-11) Pair of tangents from origin are y=2x and

and f(x)=0=x=-a,a +\/a2 ~la—+a’ -1

Ifa>La<pfB<y

y=-2x.

1
. Required Area = _I[ ¥’ +1 ] =§
0

Sa=-a;f=a-Va* -1&y=a+a’* -1

I
I
I
I
|
I
|
|
I
| ]
Section I11: : Required area J-[(a +pf)x—aff—x’ ]alx
I
|
|
|
|
I
I
I

ANSWER KEY

4

2.501: Let I =[xg(x)dx

Section I: 2
é- ](; 2. 3.c 4.a S.c Using by parts, we get
. 4
1 =xf’1(x)|4 —J.f’l(x) dx
Section I1I: '

1.b,c 2.b,c 3.a,c 4.ab 5.bc

6.be  7.ac  8.ac [=47"&=2/"@)-[ /" (X)dx

Now, S (x))=x

= f(f(0))=0=r"'2)=0

also /' (f()=1= ' =1

Now, [ f(x)dv+ [ £ (x)de=bf 5) - af (@)

f(a)

1.c 2.a 3.¢c 4.d

HINTS & SOLUTIONS

1
r
r
L
—y
4
r

Section I:

1. Sol: Puti=j=k, weget
1

[ ()d+ [ 1 (x)dx=1-7(1)-0- £ (0)

a; =0 andput k=i=a, =-a,

I
I
I
I
I
I
|
I
I
I
Section II1: |
I
I
I
I
I
I
I
I
I

So, matrix is skew symmetric of odd order



0

4 2 1
ij'l (x)dx:4—(x7+x——cosmc+2xJ

2 T b

3.Sol: We have, length of direct common tangent is

PQ’ =4rr, and OR® = 4r,r,. From the diagram,

P R 0

/|

we have PQ = PR+ QR

111
. S R
1+3 1+3+3° 3" -1
S =l — .. =
450l 2 21 3! Z(3—1)n!
13 -1 1[w3 1
22‘ rl _2[ rl r!}

tim(s,) = [ (¢! ~1)~(e-1)] = e ~¢] =859

[5,)=s

1 1
5.Sol: Put leTt in [, and x=1—; in [

O X —x ’ 1 1
e 1= {[ 55525 (b e

= X =3x+1
Let X(—1)

d
then [ = Ju_?

T 2z RY/4
6.Sol: P =cos ec§+cos ec?+cos ec?

kY4 27
+cosec 2”_? +cosec 27[—?

+cosec[2ﬂ—%) =0

j](x3+x+sin7rx+2)abc+.[:f’1 (x)dx =4 also,
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0 =8sin10°sin 50°sin 70°
=8sin10°sin(60° —10°)sin(60° +10°)
=8sin30°/4 =1

Section-II

1.Sol: Sum of roots =sum of diagonal elements and
product of roots=value of the determinant.

2.S0l: kx* + 2k —1)xy+y* +2x-2ky =0
a=kb=12h=2k-1l;g=1,f=-k;c=0
abc+2 fgh—bg> —ch>—af* =0
ie., 0+(2k—1)-(=k)-1-1-1-0—k-k* =0
=Sk +2k-k+1=0

Therefore, the product of roots is negative.
i.e., Atleast one negative root

Now 3k +1=—6k> +3k -2
D=9-4x6x2<0

ie, 3 +1<0
For atleast one real value of &

3.S0l: DA=a,DB=b,DC =c¢
ADBC =(-a).(¢-)

=—a-c+a-b
=0
Hence, AD 1 BC = AB 1 CD

Now, I?G:—é(35—213+5)& C :E(a-i-b)

Let c—l|=‘l;}=5=k

— PG.DO =~ (3a—2b+¢)-(a+b
o )3

: cos@——izﬁ—ﬂ—cos'(ij
iLe., 6\[5 6\[3_
V3-1 B+l

asol: 22 22 _,
sin x cos x
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4 T .
=> SIN—.C0S X + COs—sinx = sin 2x
12 12

. T .
= s1n(x+5j =sin2x

T

11z

n=— and —

1< (r
5.S0l: T, =;Zf [;) where f(x)=x"+x’+x"+2,
r=0

12

36

f (x) is an increasing function for ¥x > 0.

T :l[f(0)+f[lj+....+f(n—_l~ﬂ
n n n

T, <.[(x4+x3+x2+2)dx=

= ab=36
b*+5b-36=0
=b=4

167
60

G i

7.S0l: CD:7 = (z —2j+ 41€)+§(7j' —713)

BE :r =

(—T+j'+12)+i;-(7f—7j'+7l€)
pz(f—j+3l€)
. 1 "l+2]\") o
3i + j+5k
)

[4,’-4;”0%.

3

>

Area of tetrahedron ABCF

1 7
= 3 (Area of base triangle ) x height= 3 cubic units

Exﬁ‘=7}+7l€,ﬁ =PF=\/§units

PF:JE( 77+ 7k J:},”g

V49 +49

= Position vector of F- position vector of P

~. Position vector of Fis 7 + 4k
The equation of a vector AF is

;:2(f+1€)+a(—f+21€)

A B C )
8.Sol: If —,—>— arein H.P, then
a b ¢
2b a ¢
—_————
B 4 C
= 2bB =aC+cA
= aB+cB=aC+cA
= a[B-C|=c[A-B]
c
SO, r=-—
a
A* B> C* ) , C
—,——,—— arein H P =1 =—
a b ¢ a
Section II1:

Paragraph-1

n—1

1,2.Sol: Z(Xl- — 20X, -1 ) =0

i=1
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L ]

3

Y+Y+Y, =7 (x+1)3/5—-— el
Y Y Y =4 | 2
Ml 6 x—-)cosl(4x3 —3x):—1£x£1
=6 ﬂﬂ=( >
-1 1 2
Total triangles formed = °C, = % (x=1) <x<

- No. of isosceles triangles formed =15x7 is discontinuous at x =—1, and 1, and not

15%x7 6 3

1
6o differentiable at x = —1, —5,1
15x14x13 13

Probability =
(IV) f(x) ={sinx}{cosx} +{sin3 ﬂ{x}([x]),x e[-1,27]
Let g(x)= (sinﬂ{x})([x])(sin2 ﬂ{x})

g'1")=g'(1") so differentiable at x =1 and for

Paragraph-I1
34508 (1) f()=[v—6{x—8| ~[x* ~4 +3x—[x-7

is continuous Vx e R and not differentiable at

x=-2,2,6,7 and 8 {sinx}-{cosx} doubtful points for non

(D) £(x)=(x" =9)|x" + 11x+ 24|+ sin|x - 7] 3z

z
differentiability are x = 0,3,77 Y
+cos|x—4|+(x—1)% sin(x—1)

is continuous Vxe R and not differentiable at | {sin¥}-{cosx} is discontinuous atx = 0,27

x=-8,7
So, it is not differentiable at x = 2n7x, 2n7 +%

i.e.,centre is (4,7)

HINTS & SOLUTIONS

2.S0l: LetA (ae,0) and B(—ae,0) be two given points

and (A, k) be the coordinates of the moving point

ANSWER KEY :
I.Ld  2a 3¢ 4b S | i (6.9)
6.d 7d 8b 9b  10.c | 'l
11.d  12.¢ 13.¢ 1l4.c 15.a |
16.b  17.b 18.¢  19.d  20.b | o
21.a 22.d  23.d  24.c  25.¢ | x=2 x=6
26.c  27.d  28.c  29.b  30.b | \
3.d 32.b 33.b  34.c  35.¢ | .
36.b  37.c  38.a  39.b  40.c -
| " y=5
41.c  42.a 43.a 44. a 45.a | (2,5)
[
|
[

1.Sol: We can see from the graph that center of the |
inscribed circle and mid-point of the diagonals are |
equal.



Mathematics Times |May

Now, PA+ PB =2a

= J(h—ae)* +k* +\|(h+ae)* +k* =2a
But, we know that

[(h—ae)2 +k2]—[(h+ae)2 +k2J =—4aeh ()
Dividing (1) by (2), we get

\/[(h —ae)2 +k2] —‘/[(h +ae)2 +k2] =—2eh(3)

Adding (1) and (3),

2, /[(h —ae)’ +k* | = 2(a—eh)

Squaring upon both sides, we get

M

2 2 2 h2 kz
= (h—ae) +k" =(a—eh) > —+———=
( ) ( ) a’ d’(1-¢e%)
S
Hence locus of P is @ P(1-&)

3.Sol: Given expression (1+ x + x* +....)°

4.Sol:

=[x '] =a-2?

=(1+2x 437 +4x + .+ (m+Dx" +nx"" +.0)

therefore coefficient of " is (n+1).

Total number of elements in a set is 4
In cartesian product, we have 16 ordered pairs and

. . . 2 —
we know number of reflexive relationis 2" ™"

ie, 20t =2"

r V4
5.Sol: From the diagram, we have R = C0s (;)

r
R

1
3 then n = 3, likewise

1 V3

= =>n=4 = =6 de—E
\/5 5 ——7:}?!— and 1or R 3

e If —
ie,If —=
)

9.Sol: Minor of —4 = ’

= any integer values for 7.

6.Sol: Given Sinx +cosx = —

upon squaring on both sides,

we get, = sin’ x +cos” x +2sin xcos x =

. —24 -7 24
ie. Sin2x=—=c0s2x=—=>tan2x =—
’ 25 25 7

7.Sol: Given here, sin x + cos x = min{l,a’ —4a + 6}
a €lR

a’—4a+6=a"-4a+4+2=(a-2)"+22>2
c.sinx+cosx =1

1 1 1

—=SINX +—=C0SX = —=
2 2 2

Now,

— sin| x+2 —L:>x+£—n7r+(—l)"£
4) 2 4 4
T
x=nr+(-1)'———
(- )4 2

8.Sol: Let S be the sample space for a random

experiment and let £ be the event then complement
of event E is

n(S)—n(E) :n(E)
n(E)+n(E) = n(S)

i.e., probability that first plane misses
=] — probability the first plane hits
=1-0-3=0-7

probability that seconds plane hits is 0.2

The desired probability is 0-7x0-2
=0-14

-2 3

=42,
8 9

-1
Minor of 9= ‘ 4 ‘ = -3 and cofactor of

—4=(-1)"(-42) = 42,

-, cofactor of 9is (- )3+3( -3)=-3
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dy dyldt sin(B+C)

10.Sol: I deldr 17.Sol: cotB+cotC=m

dy _  asint =C0t(tj _ sin(180- 4)

dx a(l—cost) 2 ~ sinB.sinA4
11.Sol: No. of ways in which 4 boys can be seated sin A

is3!=6 =———

Also given that there are 4 different coloured chairs. sinBsinC

.. Total number of ways = 6x4 =24 sin B

similarly, ~ cot C+cotd=

2 2 sinC-sin 4
12.Sol: i ; f o i i | .
Sol: The equation of an ellipse is T inc
and cotd+cotB=———
Here, a’=9 and b* =16 Sln(A)smB

.. The equation of the auxiliary circle is Therefore, (oot B-+cot C)(cot C-+cot 4)(cot A+cotB)

x2+y2:9. ) ) )
_ sinA4-sinB-sinC
sin® 4-sin* B-sin* C

13.Sol: T'= S, is the equation of desired chord, hence

22 2 2 2 2
X4+ —a =X ) A =X, =X =cosecA cosecB cosecC

14.Sol: We have x* +y* =9 (D 18.Sol: Let a =3x+4y,b=4x+3y and ¢ =5x+5y.
and x+y=3 2) Clearly, C is the largest side and thus the largest
From equation (1) and (2), we make a homogeneous angle C is given by
equation
q , cosC a’+b*-¢? —2xy <0
: 2 2 = =
e, X’ +y’=(x+y) 2ab 2(12x7 +25xy +12))

2 2 2 2
= X4y =x+y +2x . C is obtuse angle.

19.Sol: The required probability

6 2 7 8
“ala) () rela) lrala) -
2) 2 2) 2 2) 256

20.Sol: s(¢) = at’ +bt+5 inmetre in 7 (sec)

= 2xy=0
ie,xy=0
15.S0l: Given (1+x)" = Cy + Cx+ Cpx* +...+ C,x"

Multiply “x* through out the equation, we get

O,
dt

n+l

x(1+x)n = C0x+C1)c2 + sz3 +..+Cx

Differentiating with respect to x,

e et S B0}
(1+x)" +mx(14x)"" =G, +2Gx+3C8 +...+n+1C,x" d’

Put x=1 o 6at| =48
=2"+n2"" =C,+2C +3C, +..+(n+1)C, = a=2

21.Sol: Let edge of the cube be x cm.

ie., C,+2C +3C, +..+(n+1)C, =2""(n+2) Volume of the cube be -
x cm

16.S0l: f(x) =log(x +yx” +1)

and f(—x) = —log(x+/x* +1) =—f(x)
f(x) is odd function

Given, ax =10cm / sec
dt
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Now, V:x33dl:3x2@

. . | sinx
dt dt 25.Sol: f(o )= lim [—+cosx}=l+1=2

x—0" X

av
= i 3(5)*(10)cm’ / sec = 750cm’ / sec and f(of) = lim

x—0"

[ﬂ+cosx}:1+1:2
X

n

P _
22501 == rl=24=r=4 and f(0)=2

r

Hence f (x) is continuous at x =0

L C, =35 n=T.
_ L 4100
23.Sol: Asymptotes are given by 9x” —25y° =0. 301 0
Therefore, equation of the hyperbola has equation | 26.Sol: 00 0 0
ofthe form 9x* —-25y° =k
Now, vertices are (£5,0) Ry —> R, - 2R,
J; 0100
So, putti =0,x=,[— _
o0, putting Y 9 _0010’
Thus,  k/9=25= k=225 0000
So, required equation is 9x* —25y° = 225 C, - C, —4C,-3C,
24.80l: x> +y* =2x—4y+1+ A(x* +»* =1)=0 0 0
00
L, 2 4 1-2 00
= X4y - x— y+ =0 (1
I+4 1+ 1+4 [Replace C, and C, and then Replace C, by C,]
| 5 Hence rank of matrix is 2.
-, Centre is (1+/171+/J 2750l X% =4y = 2x:—4d—y:>ﬂ:_—x

and radius is dx dx 2

dy
i.e., (de =2
(~4,-4)

We know that equation of tangent is,

( 1 T{ 2 jz_l—/l_\/4+/12
1+ 1+ 1+ 1+

Since it touches the line x+2y =0

(y_y1):(ﬂj (x_x1)
(x. 1)

! +2 2 dx
1+4  1+4|_V4+ A
ie., E+22 | 1+4 = y+4=2(x+4)=>2x-y+4=0
d
28.Sol: Given curve is V' =ax’ = 4y’ & 3ax
= A=t dx
A =—1 cannot be possible in case of circle. So (dyj 38 3
:> E— o — —
A=1 (M dx ), 4a° 4

2, 2 s .
Thus, from(1) x* +y° —x—2y =0 is the required . Equation of normal at point (a,a) is

I
|
|
|
|
|
|
|
I
|
|
|
|
|
|
|
|
|
|
|
|

| 1 0

I+ A)x> +(1+A)y* —2x-4y+(1-1)=0 | =0 1

| 0 0
|
|
|
I
|
|
|
|
|
|
I
|
|
|
|
|
I
|
|
equation of the circle. I
|

y—a=—§(x—a):>4x+3y:7a,



29.Sol: As sum of coefficients is zero, hence one root

) o l-m
is / and other root is P

Also given, it has equal roots

[=m =l=2m=n+l

m-—n
22 2t 2f
+o 4+ T+t
2! 31 41
30.Sol: 1 2 22
I+—+—+—+
2! 31 4!

(2) (22)3
2{1' TR IR L I

= = =e _1

2093 1+
12 {2+2+2 +2 +on) ¢
2

2! 3!
31.Sol: We know that the expression gx? + px+c¢ >0
forallx,if ¢ >0 and p? < 44c
(@ =Dx* +2(a-x+2>0,Vx
if i>~1>o0and 4(a—1)"-8(a’-1)<0
ie, g>—1>0 and (a—1)(a+3)>0
=>ad*>landg<-3org>l=a<-30ra>1

dx

3250k J’1+3s1n x_Isin2x+coszx+3sin2x
J sec’ xdx 1
dtan’ x+1

Put 7 = tan x = df = sec” xdx, then it reduce to

—j :—2tan "(2t)+c

20k

= %tan’1 (2tanx)+c
33.50l: "C, =66 =>n(n—-1)=132=n=12.

k
34.Sol: Here, g = ) ,fi=2,¢,=2,

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
_ |
g&=-Lf,= 6 = I
|
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we have, Condition for orthogonal intersection is
=2g 8 +h)=¢+¢

-3

= —k

3op4 k210
2

-10
3

tan

h

35.S0l: LH.L. hmf(X)—hmf(O h) =lim T=1

RHL. lim f(x)=1lim f(0+ /) =lim
x—=0" h—0 h—0

. LHL=RHL.= f(0)=1
Continuous at x=0

Now L.H.D. lim

and R.H.D. |

=lim

h—0

tanh

. tanh-—
=lim

=1

h

S(O—-h)-1(0)
—h

=lim

[ -}

sec’ h—1

h—>0 -2h

2sec’ htanh

-2

2

tan(0+h)
(0+4)

h»

=1lim

h—0 2

/OOy,

h—0 h

2sec’ htanh

-.L.H.D.=R.H.D.= Differentiable at x = 0

.. f(x) is both continuous and differentiable at

s o)

X =

0.

k :
36.S0l: Let I = hmz =

k2 - n—>ao

1+

1
=—[log?2
2[g]

)
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1209 6o [3

3V3'10 10 5

38.S0]: tan { —tan [v‘cosa ]} =X
Jeosa

COS a
COS 0!

COS 24
COS

l—cosa

2+/cosa

. 1-cosa z[aj
sinx = —— = tan E

ie., tanx =

l+cosa
. sinmx
lim . m
0

20 mx M
39.Sol: . tannx n

lim nx

x—0 nx

3+4+x+7+10

40.Sol: 6=

41.Sol: x;,x,,x;....00

T T . T T
=COoS| —+—+....|+Smn| —+—+....
(2 2? j (2 2? j

Vs V4
=CoSs =2 +isin =2 =cosw+isinzr=-1
1 1
1- 1
2 2
42.Sol: Given series is
3+4l+6§+ —3+9+£+
2 4 2 4
3 3 3 3
=34+ —+—+—+—+....(i
2 4T T T (nGP)

=30=24+x=>x=6

44.Sol: Given H =

3
Here a=3,r= 5 then sum of the five terms is

5
r—1 3_1
2
243 -32
_ol243-32] 633 9
32 16 16

43.Sol: cosxdy = y(sinx— y)dx

d inx-y _d
S & _YIMXTY D tanx— y secx

dx CcoS X
! d—y—ltanx——secx
yidx y
1dy 1
=>-———+ +—tanx =secx (1)
yhde y

Put 1 =t in equation (1)

A
¥ dx dx
From equation (1) and (2), we get

dt
—+t.tan x =secx
dx

tan x dx It
.'.I~F=eJ =e®" =secx

.. Solution of differential equation is

t.secx = J sec x.sec x.dx +c¢

1
= —secx=tanx+c=secx = y(tanx+c)
y

2pq
ptq

_H H_ 2  2p _2p+q)_,

P g pt+tq p+tq ptgq

45.801: Y. (2n—1)" = _(8n’ =3-4n’ +3.2n-1)

=2n*(n+1 =2n(n+D2n+D)+3n(n+1)-n
=2n*—n*=n"2n* -1
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ANSWER KEY

o0 a
tan— =

Lc., 2 ,az +,32 )

1.c 2.¢ 3.a 4.b 5.a

6.b 7.c 8.c 9.b 10.a 0 . a

11. b 12. ¢ 13. b 14. b 15.a = E = tan ﬁ

l6.c 17.b  18.b  19.d  20.b ya'+ B —a

21.b 22.b 23.d 24.d 25.a

26.¢ 27.¢ 28.a 29.b 30.d 0= 2tan"! [ a

31.b 32.¢ 33.b 34.d 35.¢ Jm

36.c 37.d 38.a 39.a 40.d

41.d 42.4d 43. b 44. a 45. b 3.Sol: The centre of given circle is (1,1) and its radius

is /2.

From the figure, if M (h,k) be the middle point of

HINTS & SOLUTIONS

) 2
1.S0l: Given x* + ) —6x =0 and x>+ 3?6y =0 chord 4B subtending an angle at C, then

3
Clearly from the graph, we can see that these two
curves intersects at either origin or at (3,3)

.. Equation of the desired circle is

M _ s = e - ac?
AC 32

ie., 4(h=1Y +(k—1]=4 =1 +k> —2h—2k+2=1

Hence the locus is x* + > —=2x -2y +1=0.

Y
2 2 2 2
A y—i S I 0,3)
2 2 2 2 A
2 2 _ ‘
= x +y -3x-3y=0 4.S0l: B
2.Sol: We know, tan of half of the angle between two |

tangents is the ratio of radius to the length of a | =X' ®

tangent.



Mathematics Times ‘May

DROIE R

B 8h  (k-3)
—_—— e ———
4 4 4

= (@-2)(a-3)>0= either y<2 or g >3
Hence g < 2 satisfy all.

11.S0l: (1+x)" =Cy+Cx+ C,x* +C,x° +....+ C x"

= 0

(1-x)" =C, —=Cix+Cyx* —=Cyx* +....+(=1)"C x"
or x* +y’ +8x—6y+9 =0, which s a circle. [A+x)" =(1-x")]=2[Cix+ C;x’* +Csx’° +..]

5.Sol: Using P+ A0 =0, the required line is 1/2[(1+x)" =(1-x")]= Cx + C;x* + Cox” +...

3" _ (_l)n
2

12x—y—-31=0 and its distance from both the
Put x=2,2C,+2°.C, +2°.C, +....=
31
points is m .
6.Sol: Bisector of the angle between positive directions
of the axes is ¥ = X . Since it is one of the lines of

12.Sol: Putting x =1 in (1+x—3x?)"®
We get sum of the coefficients as
(1 +1_3)2|63 — (_1)2163 — _1

the given pair ax” +2hxy +by* =0, we have 1350l ANX =BAX =g

X (a+2h+b)=0o0r g+b=-2h

7.Sol: For continuity at x = (), we must have

f(o) = hng f(x) = hng(x+ l)cotx

1 tnf
- 1}3}{(14—)0"} —e

8.Sol: Conceputual.

.. 4 and X,B and x are disjoint sets
Also, AUX=BUX=>A4=B

14.501: (gof)(x) =[sinx| and f(x)=sin® x

;o g(x):\/;.

= g(sin® x) =|sinx

0

P b
15.Sol: tan—+tan—=——
2 a

. Gi i P P ~
9.Sol: Givenar, S are the roots of the equation tanz tom % N tan( ;QJ -- b//a
x* —2xcosg+1=0 a —cla
e _
i 2c0spt+4cos’ p—4 as P+Q:3:>1= =c=a+b
ie., x= a-c

2
=a=cosp+ising=e’, f=cosg—isinpg=e"*
. an — (ei¢)n :eirmﬁ;ﬁn :e—in¢

¥ —(a"+f)x+a". B =0

. 4
16.Sol: cos A= % =sind = -

cosB:4:>sinB:—3

A2

17.Sol: f,(x)= %(Sink x +cos* x)

== +e™)x+1=0
= x’—2cosng.x+1=0
10.Sol: Given equationis x> —2gx+a>+a—-3=0
If roots are real, then D >0
ie., =4da’-4(a’+a-3)=0 1 1
30 ; fi—f :Z(sin“x+cos4 x)—g(sinﬁx+cos6 x)
=>a-35<0=a<
A t less tahn 3, h 3)>0 . )
s roots are less tahn 3, hence f(3) :l(l—Zsz voos? x)—l(l—3s1n2 xeos x)
9—6a+a’ +a—3>0=>a>—5a+6>0 4 6
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4 6 12

18.Sol: cot@=sin26, (6 nrr)=>2sin’ Gcos & = cos

1 Vs
- sin? @ =— =sin’| =
=co0sf =0 or > (4j

:>9=(2n+1)§ or 6’=n7ri%

. 0=90" and 45°

19.Sol: Let the two roads intersect at 4. If the bus and

the car are at B and C on the two roads

respectively, then ¢ = AB =2km,b=AC =3km.

The distance between the two vehicles
=BC=akm

b+’ —d’

Now cos 4 = cos60° =
oW 2be

1 3¥+2°-4°
—>—=2"="% s 4=dTkm
2 2:3.2

20.Sol: There are 366 days in a leap year, in which 52

weeks and two days, there are 7 combinations of 2
days, among them 2 are favourable for 53 fridays
and 2 for saturdays.

2 2
i.e., P(53 Fridays) = 7 P( 53 Saturdays) = 7

1
P( 53 Fridays and 53 Saturdays) = 7

. P(53 Fridays or Saturdays) =P(53 Fridays)
+ P( 53 Saturdays) - P( 53 Fridays and Saturdays)

2,213
7

2.1
777 7
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21.Sol: Required probability = Probability that either

the number is 7 or the number is 8.
i.e., Required Probability = P, + F,

L 11 16 11 1
Now &7 =5 117236 2\11 6

22.Sol: Given, that 4, B,C are angles of triangle.

We have A+B+C=nr,

= A+B=r-c

= cos(4+ B)=cos(r—C)=—-cosC
i.e., cos Acos B —sin Asin B =—cosC
= cos Acos B+cosC =sin 4sin B
and sin(4+ B) =sin(z—C)=sinC
Expanding the given determinant, we get
A =—(1-cos” A)+cos C(cos C +cos Acos B)

+cos B(cos B+ cos Acos C)

= —sin® A +sin A(sin Bcos C +cos Bsin C)

=—sin’> A+sin Asin(B+C) = —sin> A+sin*> 4=0

23.Sol: The coefficient determinant

2 -1 -1
D=|1 -2 1|=-31-6
11 4

For no solution, the necessary condition is D =0
ie., -31-6=0=>4=-2
It can be seen that for 4 = —2 , there is a solution
for the given system of equations.

24.S0l: P" =2P+1=(P") =@2P+1)"

= P=2P"+I=P=202P+)+1
—3P=3I=P=-I=>PX=-IX=—-X

25.80l: yVX* +1= log{\/xz +1 —x}

LN e S {1%_1}
T ++y2Jx2+1 Vo +1-x 242 +1
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:>(x2+1)§+xy:\,‘x2 +1- -
X

x?+1

3(x2+1)dy+xy+1:0
dx
26.S0l: f'(x)=2x-6=0=>x=3

dv dx
. +b 2: 2:>0+b 2 — :2 s
27.Sol: a+bOV =X ( v dt) X di

dv dx dv x
SVvVbhb—=x—>>—=—

dt dt dt b
xla

28.Sol: Givencurve: y = a(e”* +e™')

Now, for tangent to be parallel to x — axis, slope

must equal to zero.

d
ie., d—y =0
X
NOW’ @ :7[aex/a + 7x/a:|_a er/ai_"_aefx/a
dx a
d x/a —XxX/a
l =¢ / / 0
dx
ie., = = MY = 1=¢°
= x=0

29.So0l: f(x) =J'jo(t4 —Hedt = f(x)=(x" —4e™

Now f'(x)=0=>x =12
Now f"(x)=-4(x" —4)e™ +4x’e™

At x=+/2 and x=—+/2 the given function has

extreme value.
30.Sol: Put x =sinf@ = dx =cos8d8 , therefore

j sin” 3x — 4x* )dx = j sin”'(sin36) cos 0 O

=j3ecose do

:3{Hsin9+cosﬁ}+c:3{xsin'l x+s}1—x2}+c

31.Sol: Solving the equations x” =4y and

x=4y-2 simultaneously. The points of |

intersection of the parabola and the line are 4(2,1) |

1
and B(_la‘J.

35.Sol:

.. The required area = shaded area

2

J'x+2

2 xz
ie., dx — J. —dx
-1 -1 4

2 2 3P
1] x 1] x 9 .
=—|=—42x| ——|=—| ==squnit
4| 2 B 41 3 M 8

32.Sol: Required number of ways

='C, x*C,+*C, < °C, + *C, x °C, + *C, x °C,
=4x56+6x70+4x56+1x28 =896

33.Sol: From the question, we have 77-! students

gave wrong answer to atleast one question, like

wise 2"~ students gave wrong answer to atleast 2
questions and so on. Hence there is one student

who answered all n questions wrong. i.e., 2°.
Now, total number of incorrect answers is

2722 =2
If we set that to 2047, we get

2"=2048 or n=11.

34.Sol: Rewriting the expressions as

="C . +2."C,_ +"C_,

("c,+"C.)+("C.+"C.,)

— n+1Cr + }'1+1(jr_1 — n+2Cr

Locus of point of intersection of perpendicular
tangent is directrix of the parabola.

SO, X = —1 .

36.Sol: Semi latus rectum is harmonic mean between

segments of focal chords of a parabola.

b= 2ac

= a,b,c arein H.P.
a+c



37.Sol: We know S, =§{2P+(H—1)Q} , hence | 42.S0l: lingzlog(1+x)=1irr(}2log(l+x)5‘
X X X

d=0.

X N+ N+ n 7
38.Sol: T;:JEZX L+ IZJE(X +y")

1/ 1 1 1/ 1 1
:>x"+z [xz _yzj :y"+2 [xz _yzj :[f
y

1
>n=——
2

39.Sol: Let S, be the sum of the given series to n

terms, then

S =14+2x+3x" +4x° +....+nx""

xS, =x+2x> +3x + ...+ nx"
Subtracting (1) from (2), we get

(1-x)S, =1+x+x> +x’ +.... ton terms —nx"

(A=)
(1-x)
_1-(n+Dx" +nx""!

(1-x)°

1 1
. l—cosa = =1+—
40.Sol: 2—\/5 '\/E

1 RY/4
=S =——==>a =—

V2

T . T
41.Sol: We have —Eé sin!x <=
= —£S2sin’12as£
2 2

T
ie. — < sin'2a <=
’ 4 4

44.Sol: y for population 4 =

Mathematics Times |May il

1

—11m210g e=2
dy dy dz
Do yiox +2x=z=>——+2=—
43.Sol: I y ,Put ¥ e ax
& _ =z=>—=2z+2
dx x

=[5

= log(y+2x+2)=x+c= y+2x+2=¢""¢

—jdx:log(z+2) X+e

For initial value, 2 = ¢ = ¢ =log, 2

. Solution is y+2x+2=2¢"
=y=2"-x-1)
101+102+...+200

100
=150.5
" | B 151+152+...+250
x for population 100
=200.5
(101-150.5)> +(102—150.5) +...+(200—150.5)"
V=
100
(493 +(48.57 +..4(0.5) +(0.57 +(1.5)° +...+(49.5)
100
(151-200.5)* +...+(250-200.5)"
Vs = 100

_(49.5)" +...+(0.5)" +(0.5)" +...+ (49.5)"
100

Vi,

= =
VB

45.Sol: Given |8+z|+‘z 8| =16

Clearly locus of z is an ellipse.
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